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Abstract
This article describes the geometry of isomorphisms between complements of geo-
metrically irreducible closed curves in the affine plane A2, over an arbitrary field,
which do not extend to an automorphism of A2. We show that such isomorphisms
are quite exceptional. In particular, they occur only when both curves are isomorphic
to open subsets of the affine line A

1, with the same number of complement points,
over any field extension of the ground field. Moreover, the isomorphism is uniquely
determined by one of the curves, up to left composition with an automorphism of
A
2, except in the case where the curve is isomorphic to the affine line A

1 or to the
punctured line A1 n ¹0º. If one curve is isomorphic to A

1, then both curves are equiv-
alent to lines. In addition, for any positive integer n, we construct a sequence of n
pairwise nonequivalent closed embeddings of A1 n ¹0º with isomorphic complements.
In characteristic 0 we even construct infinite sequences with this property.

Finally, we give a geometric construction that produces a large family of exam-
ples of nonisomorphic geometrically irreducible closed curves in A

2 that have
isomorphic complements, answering negatively the complement problem posed by
Hanspeter Kraft. This also gives a negative answer to the holomorphic version of
this problem in any dimension n� 2. The question had been raised by Pierre-Marie
Poloni.
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1. Introduction
In the Bourbaki seminar Challenging problems on affine n-space, Hanspeter Kraft in
[18] gives a list of eight basic problems related to the affine n-spaces. The sixth one
is the following:

Complement problem. Given two geometrically irreducible hypersurfaces
E;F �A

n and an isomorphism of their complements, does it follow that
E and F are isomorphic?

Algebraically, the formulation of this problem is the following: given some base-
field k, two polynomials P;Q 2 kŒx1; : : : ; xn� which are irreducible in kŒx1; : : : ; xn�
(where k denotes the algebraic closure of k), and an isomorphism of k-algebras

' W kŒx1; : : : ; xn; 1P �
'
�! kŒx1; : : : ; xn; 1Q �, is it true that the k-algebras

kŒx1; : : : ; xn�=.P / and kŒx1; : : : ; xn�=.Q/ are isomorphic?
We may restrict ourselves to the case where the isomorphism between the com-

plements does not extend to an automorphism of An or, equivalently, when the iso-
morphism ' does not restrict to an automorphism of kŒx1; : : : ; xn�. Indeed, otherwise,
the answer to the complement problem is trivially positive.

Recently, in [21] Pierre-Marie Poloni gave a negative answer to the problem for
any n� 3. The construction is given by explicit formulas. There are examples where
both E and F are smooth, and examples where E is singular, but F is smooth. This
article deals with the case of dimension nD 2. The situation is much more rigid than
in dimension n� 3, as we discuss in Theorem 1.

We will work over a fixed arbitrary field k, and we will only consider curves,
surfaces, morphisms, and rational maps defined over k, unless we explicitly state so
(and will then talk about k-curves, k-surfaces, k-morphisms, and k-rational maps). We
recall that two closed curves C;D � A

2 are equivalent if there is an automorphism
of A2 that sends one curve onto the other. Note that equivalent curves are isomorphic.
A variety (defined over k) is called geometrically irreducible if it is irreducible over
k. A line in A

2 is a closed curve of degree 1.

THEOREM 1
Let C � A

2 be a geometrically irreducible closed curve, and let ' W A2 n C ,! A
2

be an open embedding. Then, the complement D � A
2 of the image of ' is also a

geometrically irreducible closed curve. Assuming that ' does not extend to an auto-
morphism of A2, the following holds:
(1) Both C and D are isomorphic to open subsets of A1, with the same num-

ber of complement points. This means that there exist square-free polynomials
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P;Q 2 kŒt � with the same number of roots in k and such that

C ' Spec
�

k
h
t;
1

P

i�
and D ' Spec

�
k
h
t;
1

Q

i�
:

Moreover, the same result holds for every field extension k0=k.
(2) If C is isomorphic to A

1, then both C and D are equivalent to lines.
(3) If C is not isomorphic to A1 or A1 n ¹0º, then ' is uniquely determined up to

a left composition with an automorphism of A2.

COROLLARY 1.1
If C � A

2 is a geometrically irreducible closed curve not isomorphic to A
1 n ¹0º,

then there are at most two equivalence classes of closed curves whose complements
are isomorphic to A

2 nC .

COROLLARY 1.2
Let C �A

2 be a geometrically irreducible closed curve. Then there exists at most one
closed curve D �A2, up to equivalence, such that C and D are nonisomorphic, but
have isomorphic complements.

COROLLARY 1.3
Let C � A

2 be a geometrically irreducible closed curve, not isomorphic to A
1 or

A1 n ¹0º. Then, the group Aut.A2;C /D ¹g 2 Aut.A2/ j g.C /D C º, which can be
naturally identified with a subgroup of Aut.A2 nC/, has index 1 or 2 in this group.

COROLLARY 1.4
If C � A

2 is a singular, geometrically irreducible closed curve and ' W A2 n C
'
�!

A
2 nD is an isomorphism, for some closed curve D, then ' extends to an automor-

phism of A2.

Corollary 1.4 shows, in particular, that the complement problem for nD 2 has a
positive answer if one of the curves is singular, contrary to the case where n � 3, as
pointed out before. This is also different from the case of P2, where there exist noniso-
morphic geometrically irreducible closed curves with isomorphic complements (see
[4, Theorem 1]), but where all these curves are necessarily singular (see Proposi-
tion A.1 below).

Theorem 1 moreover shows that the complement problem for nD 2 has a positive
answer if one of the curves is not rational. This was already stated in [18, Proposi-
tion 3] and does not need all tools of Theorem 1 to be proved (see, e.g., Corollary 2.7
below). More generally, the answer is positive when one of the curves is not isomor-
phic to an open subset of A1. The circle of equation x2Cy2 D 1 over R is an example
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of a smooth rational affine curve which is not isomorphic to an open subset of A1.
Note that [18, Proposition 3] says in addition that the complement problem for nD 2
and kDC has a positive answer if one of the curves has Euler characteristic 1; this is
also provided by Theorem 1.

Corollary 1.1 describes a situation quite different from the case of dimension
n� 3, where there are infinitely many hypersurfaces E �A

n, up to equivalence, that
have isomorphic complements (see [21, Lemma 3.1]). It is also in contrast with the
case of P2, where we can find algebraic families of closed curves in P

2, nonequivalent
under automorphisms of P2, that have isomorphic complements (and thus infinitely
many if k is infinite). This follows from a construction in [10] (see Proposition A.3
below).

All tools necessary to obtain the rigidity result (Theorem 1) are developed in
Section 3, using some basic results given in Section 2. The proof is carried out at
the end of Section 3. It uses embeddings into various smooth projective surfaces and
a detailed study of the configuration of the curves at infinity. We study, in particular,
embeddings into Hirzebruch surfaces that have mild singularities on the boundary and
then study blowups of these and completions by unions of trees.

Our second theorem is an existence result which demonstrates the optimality of
Theorem 1.

THEOREM 2
(1) There exists a closed curve C � A

2, isomorphic to A
1 n ¹0º, whose comple-

ment A2 n C admits infinitely many equivalence classes of open embeddings
A
2 n C ,! A

2 into the affine plane. Moreover, the set of equivalence classes
of curves with this property is infinite.

(2) For every integer n � 1, there exist pairwise nonequivalent closed curves
C1; : : : ;Cn � A

2, all isomorphic to A
1 n ¹0º, such that the surfaces A2 n C1,

: : : , A2 nCn are all isomorphic. Moreover, if char.k/D 0, we can find an infi-
nite sequence of pairwise nonequivalent closed curves Ci � A

2, i 2 N, such
that the surfaces A2 nCi , i 2N, are all isomorphic.

(3) For each polynomial f 2 kŒt � of degree � 1, there exist two nonequivalent
closed curves C;D �A

2, both isomorphic to Spec.kŒt; 1
f
�/, such that the sur-

faces A
2 n C and A

2 nD are isomorphic. Moreover, the set of equivalence
classes of the curves C in such pairs .C;D/ is infinite.

A constructive proof of Theorem 2 is given in Section 4. We use explicit equations
and work with birational maps which either preserve one projection A

2! A
1 or are

compositions of a small number of them.
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Note that parts (1) and (2) of Theorem 2 concern closed curves C � A
2 iso-

morphic to A
1 n ¹0º. This is the only case where there can be more than two curves

D �A
2, up to equivalence, such that A2 nC is isomorphic to A

2 nD (Corollary 1.1).
When kD C, the classification of curves C � A

2 isomorphic to A
1 n ¹0º has a long

history. A line L � A
2 intersecting C with multiplicity 0 (resp., 1) is called a very

good asymptote (resp., good asymptote) and the curves of C2 isomorphic to C
� admit-

ting such asymptotes have been classified into seven families in [9, Theorem 8.2].
(The first two families corresponding to the “very good” asymptote were already clas-
sified in [14].) These curves also belong to the longer list of [7], which covers curves
homeomorphic to C

� with some additional regularity condition. The curves isomor-
phic to C

� in C
2 without any “good” or “very good” asymptote are called sporadic

and are studied in [17] and [16], where some restrictions on the possibilities are given,
in order to possibly give a future classification.

The examples of curves isomorphic to A
1 n ¹0º that we give to prove Theo-

rem 2(1)–(2) are all given by xyd C b.y/ D 0 for some d � 1 and some polyno-
mial b.y/ 2 kŒy� with b.0/ ¤ 0 (see Section 4.2). These form a subfamily of the
very first case of the classification of [9, Theorem 8.2], which are the curves given
by ym C .xyd C b.y//n D 0, where m;n � 1 are coprime and b.y/ 2 kŒy� satisfies
b.0/¤ 0. This family also appears in the proposition on page 143 of [14].

It would be interesting to study the more complicated cases of the partial classi-
fication and in general to determine for a curve C � A

2 isomorphic to A
1 n ¹0º all

curves D � A
2 such that A2 n C and A

2 nD are isomorphic. (Note that D is again
isomorphic to A1 n ¹0º by Theorem 1.) The structure of the group Aut.A2 n C/ also
seems to be a nice subject for investigation. Let us at least mention that, according to
[6, Theorem 2], the natural subgroup Aut.A2;C / is always algebraic and even finite
in most cases.

We then give counterexamples to the complement problem in dimension 2.

THEOREM 3
There exist two geometrically irreducible closed curves C;D � A

2 which are not
isomorphic, but whose complements A2nC and A

2nD are isomorphic. Furthermore,
these two curves can be chosen of degree 7 if the field admits more than 2 elements
and of degree 13 if the field has 2 elements.

The proof is given in Section 5. We first establish Proposition 5.1 (mainly via
blowups of points on singular curves in P

2) which asserts that, for each polynomial
P 2 kŒt � of degree d � 1 and each � 2 k with P.�/¤ 0, there exist two closed curves
C;D � A2 of degree d2 � d C 1 such that A2 n C and A2 nD are isomorphic and
such that the following isomorphisms hold:
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C ' Spec
�

k
h
t;
1

P

i�
and

D ' Spec
�

k
h
t;
1

Q

i�
; where Q.t/D P

�
�C

1

t

�
� tdeg.P /:

Then, the proof of Theorem 3 follows by providing an appropriate pair .P;�/ for
every field. The case of infinite fields is quite easy. Indeed, if k is infinite and P 2 kŒt �
is a polynomial with at least three roots in k, then Spec.kŒt; 1

P
�/ and Spec.kŒt; 1

Q
�/

are not isomorphic, for a general element � 2 k (Lemma 5.4). This shows that the
isomorphism type of counterexamples to the complement problem is as large as pos-
sible. (Indeed, by Theorem 1(1), any curves C;D � A

2 providing a counterexample
to the complement problem are necessarily isomorphic to open subsets of A1 with at
least three complement k-points.)

We finish this Introduction by presenting some easy consequences of Theorem 3
that are further elaborated in Section 6:

(i) The negative answer to the complement problem for n D 2 directly gives
a negative answer for any n � 3 (Proposition 6.1): Our construction produces, for
each n � 3, two geometrically irreducible smooth closed hypersurfaces E;F � A

n

which are not isomorphic, but whose complements An n E and An n F are isomor-
phic (Corollary 6.2). All the hypersurfaces constructed this way are isomorphic to
A
n�2 � C for some open subset C � A

1. This does not allow us to give singular
examples like those of [21], but provides a different type of example.

(ii) By choosing kDC, our construction gives families of closed complex curves
C;D � C2 whose complements are biholomorphic (because they are isomorphic as
algebraic varieties), but which are not themselves biholomorphic (Proposition 6.3).
From this there directly follows the existence of algebraic hypersurfaces E;F � C

n

which are complex manifolds that are not biholomorphic, but have biholomorphic
complements, for every n� 2 (Corollary 6.4). This answers a question asked in [21].
Note that, in the counterexamples of [21], if both hypersurfaces are smooth, then they
are always biholomorphic (even if they are not isomorphic as algebraic varieties).

2. Preliminaries
In the sequel, k is an arbitrary field and k its algebraic closure. Unless otherwise spec-
ified, all varieties of dimension at least 1 are k-varieties, that is, algebraic varieties
defined over k or, equivalently, k-varieties with a k-structure. When we say for exam-
ple rational (resp., isomorphic), we mean k-rational (resp., k-isomorphic), which
means that the maps are defined over k. Nevertheless, we will often have to consider k-
varieties, but we will then always state so explicitly. A variety is called geometrically
rational (resp., geometrically irreducible) if it is rational (resp., irreducible), after the
extension to k. When dealing with “points” (but also with “basepoints” or “comple-
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ment points”) we will always specify k-points or k-points. Finally, let us recall that a
k-basepoint of a k-birational map f W X ��� Y , whereX and Y are smooth projective
k-surfaces, is either proper, when it belongs to X , or infinitely near, when it does not
belong to X , but to a surface obtained from X via a finite number of blowups. If we
assume furthermore that f;X;Y are defined over k, then a k-basepoint of f is defined
in the following obvious way: it is either a proper k-basepoint defined over k, or it is an
infinitely near k-basepoint of f which is a k-point of a surface obtained from X via a
finite number of blowups of k-points. Of course, there is no reason for a birational map
f W X ��� Y to admit a k-basepoint. For example, when kD F2 the birational involu-
tion of P2 given by Œx W y W z� 7! Œx2Cy2Cyz W xzCy2Cz2 W x2CxyCz2� admits
no k-basepoint (but has three basepoints over F8 D F2Œu�=.u

3 C u C 1/, namely,
Œ1 W u W u2CuC 1�, Œu W u2CuC 1 W 1�, and Œu2CuC 1 W 1 W u�). Similar examples of
degree 5 for kDR are classical and can be found in [5, Example 3.1]. Also, a closed
curve in A

2 does not necessarily admit a k-point. For example, the geometrically
irreducible closed curve of equation x2C y2C 1D 0 admits no R-point.

Working over an algebraically closed field, every birational map ' W X ��� Y
between two smooth projective irreducible surfaces X and Y admits a resolution,
which consists of two birational morphisms � W Z! X and � W Z! Y , where Z is
a smooth projective irreducible surface, such that the following diagram is commuta-
tive:

Z
� �

X
'

Y

Let us also recall that a birational morphism between two smooth projective irre-
ducible surfaces is a composition of finitely many blowdowns. We can moreover
choose this resolution to be minimal, which corresponds to asking that no irreducible
curve of Z of self-intersection .�1/ be contracted by both � and � . The morphism
� is obtained by blowing up all basepoints in X of '. Analogously � is obtained by
blowing up all basepoints in Y of '�1. In Lemma 2.5(2), we will prove that, under
some additional hypotheses (satisfied by all birational maps that we will consider),
such a minimal resolution also exists over an arbitrary field k, and that moreover the
morphisms � and � are obtained by sequences of blowups of k-points (which may be
proper or infinitely near).

2.1. Basic properties
In order to study isomorphisms between affine surfaces, it is often interesting to see
the affine surfaces as open subsets of projective surfaces and then to see the isomor-
phisms as birational maps between the projective surfaces. Recall that a rational map



2242 BLANC, FURTER, and HEMMIG

' W X ��� Y between smooth projective irreducible surfaces is defined on an open
subset U � X such that F D X n U is finite. If C is an irreducible curve of the
surface X , then its image is defined by '.C / WD '.C nF /. We then say that C is
contracted by ' if '.C / is a point. The aim of this section is to establish Proposi-
tion 2.6, which we often use in the sequel. Its proof relies on some easy results that
we begin by recalling Proposition 2.3, Corollary 2.4, and Lemma 2.5.

We begin with the following definition, which we will frequently use, in particu-
lar, to extend birational maps of A2 to birational maps of P2.

Definition 2.1
The morphism

A
2 ,! P

2;

.x; y/ 7! Œx W y W 1�

is called the standard embedding. It induces an isomorphism A
2 '
�! P

2 nL1, where
L1 � P

2 denotes the line at infinity given by z D 0.

With this embedding, every line in A
2, given by an equation axC by D c where

a; b; c are elements of k and a; b are not both zero, is the restriction of a line of P2,
given by the equation axC by D cz and distinct from L1.

Definition 2.2
For each birational map ' W P2 ��� P

2, we define J' � P
2 to be the reduced curve

given by the union of all irreducible k-curves contracted by '.

PROPOSITION 2.3
Let ' W P2 ��� P2 be a birational map.
(1) The curve J' is defined over k; that is, it is the zero locus of a homogeneous

polynomial f 2 kŒx; y; z�.
(2) The restriction of ' induces an isomorphism P

2 n J'! P
2 n J'�1 . Moreover,

the number of irreducible components of J' and J'�1 over k are equal.

Proof
(1) The maps ' and '�1 may be written in the form

' W Œx W y W z� 7!
�
s0.x; y; z/ W s1.x; y; z/ W s2.x; y; z/

�
and

'�1 W Œx W y W z� 7!
�
q0.x; y; z/ W q1.x; y; z/ W q2.x; y; z/

�
;
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where s0; s1; s2 2 kŒx; y; z� (as well as q0; q1; q2) are homogeneous polynomials of
the same degree and with no common factor. Since '�1 ı' D id, there exists a homo-
geneous polynomial f 2 kŒx; y; z� such that q0.s0; s1; s2/D xf , q1.s0; s1; s2/D yf ,
q2.s0; s1; s2/D zf . We now observe that J' is the zero locus of f . Indeed, the poly-
nomial f is zero along an irreducible k-curve if and only if this curve is sent by '
to a basepoint of '�1. In characteristic 0, note that J' is also the zero locus of the
Jacobian determinant associated to '.

(2) By extending the scalars, we may assume that kD k is algebraically closed.
We take a minimal resolution of ', with the commutative diagram

X
� �

P
2

'

P
2

where � and � are birational morphisms. The morphism � (resp., �) is the sequence
of blowups of the basepoints of ' (resp., '�1).

By computing the Picard rank of X , we see that � and � contract the same num-
ber of irreducible curves of X . Let n be this number. We then denote by E � X
(resp., F � X ) the union of the n irreducible curves contracted by � (resp., �). The
map ' then restricts to an isomorphism

P
2 n �.E [F /

'
�! P

2 n �.E [F /:

We now show that �.E [ F / D �.F /. Since �.E/ consists of finitely many
points, it suffices to see that these are contained in the curves of �.F /. Each point
p of �.E/ corresponds to a connected component of E , which contains at least one
.�1/-curve E � E . The curve E is not contracted by � , by minimality, and hence is
sent by � onto a curve �.E/� P

2 of self-intersection at least 1. This implies that E
intersects F and thus p 2 �.F /. We similarly get that �.E [ F /D �.E/ and obtain
that ' restricts to an isomorphism

P
2 n �.F /

'
�! P

2 n �.E/:

Since �.F / is a closed curve in P
2 whose irreducible components are contracted by

', we have �.F / D J' . Similarly, we get �.E/ D J'�1 . Moreover, the number of
k-irreducible components of �.F / is equal to the number of irreducible components
of F nE , which is equal to the number of irreducible components of E nF . This
completes the proof.

COROLLARY 2.4
Let � � P

2 be a closed curve, and let ' W P2 n � ,! P
2 be an open embedding. Then
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the complement of '.P2 n �/ is a closed curve � � P
2 with the same number of

irreducible components over k as � .

Proof
Let O' W P2 ��� P

2 be the birational map induced by '. Proposition 2.3 implies that
J O' � � , that J O' and J O'�1 have the same number of irreducible components over k,

and that O' induces an isomorphism P
2 n J O'

'
�! P

2 n J O'�1 .
If J O' D � , then the proof is finished. Otherwise, � 0 D � n J O' is a closed curve of

P
2 n J O' , which has the same number of irreducible components over k as the closed

curve �0 D O'.� 0/ of P2 n J O'�1 . The result follows with �D�0 [ J O'�1 .

LEMMA 2.5
Let ' W X ��� Y be a birational map between two smooth projective surfaces that

restricts to an isomorphism U D X n C
'
�! Y nD D V , where C (resp., D) is the

union of geometrically irreducible closed curves C1; : : : ;Cr in X (resp., D1; : : : ;Ds
in Y ). Then, the following holds.
(1) All k-basepoints of ' (resp., '�1) are k-rational and belong to C (resp., D).
(2) The map ' admits a minimal resolution which is given by birational mor-

phisms � W Z!X and � W Z! Y , which are blowups of the basepoints of '
and '�1, respectively, as shown in the following diagram:

Z
� �

X
'

Y

U
'

V:

(3) In the above resolution, we have ��1.U /D ��1.V /.
(4) For each i 2 ¹1; : : : ; rº, there exists j 2 ¹1; : : : ; sº such that either ' restricts

to a birational map Ci ���Dj or '.Ci / is a k-point of Dj . In this latter case,
the curve Ci is rational (over k).

Proof
We argue by induction on the total number of k-basepoints of ' and '�1. If there is
no such basepoint, then ' is an isomorphism and everything follows.

Suppose now that q 2 Y is a proper k-basepoint of '�1. As ' induces an isomor-

phism U
'
�! V , we have q 2Dj .k/ for some j 2 ¹1; : : : ; sº. There is moreover an

irreducible k-curve of Y contracted by ' onto q, which is then equal to Ci for some
i 2 ¹1; : : : ; rº. Since Ci is defined over k, so is its image (the generic point of Ci is
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defined over k and is sent onto the k-point q), that is, q is k-rational. Let " W OY ! Y

be the blowup of q, and let E � OY be the exceptional divisor (which is isomorphic

to P
1). The birational map O' D "�1 ı ' W X ��� OY induces an isomorphism U

'
�! OV ,

where OV D "�1.V /D OY n . QD1 [ � � � [ QDs [E/ and where QDi � OY is the strict trans-
form of Di for i D 1; : : : ; s. The k-basepoints of O'�1 correspond to the k-basepoints
of '�1 from which the point q is removed and the k-basepoints of O' coincide with
the k-basepoints of '.

We may thus apply the induction hypothesis and obtain assertions (1)–(4) for
O'. Denoting by O� W Z! X and O� W Z! OY the blowups of the basepoints of O' and
O'�1, respectively (which give the resolution of O' as in (2)), we obtain (1)–(2) for '

with �D O�, � D " O� . Assertion (3) is given by ��1.U /D O��1.U /
.3/ for O'
D O��1. OV /D

O��1.��1.V //D ��1.V /. Assertion (4) follows from the assertion for O' and from the
fact that " restricts to a birational morphism QDi !Di for each i and sends E ' P

1

onto a k-point of Dj .
In the case where '�1 admits no k-basepoint, a symmetric argument can be

applied to '�1 by starting with a proper k-basepoint of '.

In the sequel, we will frequently use the following result.

PROPOSITION 2.6
Let C � A

2 be a geometrically irreducible closed curve, and let ' W A2 n C ,! A
2

be an open embedding. Then, there exists a geometrically irreducible closed curve
D �A

2 such that '.A2 nC/DA
2 nD. Denote by C andD the closures of C andD

in P
2, using the standard embedding of Definition 2.1. Denote also by L1 D P

2 nA2

the line at infinity, and denote by O' W P2 ��� P
2 the birational map induced by '.

Then, one of the following three possibilities holds:
(1) We have O'.C /DD. Then, the map ' extends to an automorphism of A2 D

P
2 nL1 that sends C onto D.

(2) We have O'.C /D LP2 . Then, the curve D is a line in A
2, that is, D is a line

in P
2 and ' extends to an isomorphism A

2 D P
2 nL1

'
�! P

2 nD that sends
C onto L1 nD. In particular, C is equivalent to a line.

(3) The map O' contracts the curve C to a k-point of P2. Then, the curve C (and,
therefore, also the curve C ) is a rational curve (i.e., is k-birational to P

1).

Proof
The restriction of O' to P

2 n .L1 [ C/D A
2 nC gives the open embedding ' W A2 n

C ,! A
2 ,! P

2. By Corollary 2.4, we obtain an isomorphism P
2 n .L1 [ C/

'
�!

P
2 n�, for some curve�� P

2, which is the union of two k-irreducible closed curves
of P2. Since L1 is included in �, there exists an irreducible closed k-curve D of A2
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such that �D L1 [D. As a conclusion, the restriction of O' at the source and the
target induces an isomorphism

P
2 n .L1 [C/

'
�! P

2 n .L1 [D/:

It follows that '.A2 n C/ D A
2 n D. The equality D D A

2 n '.A2 n C/ proves
that the curve D is defined over k and is therefore geometrically irreducible. By
Lemma 2.5(4), one of the following three possibilities holds:
(1) We have O'.C /DD. Hence, the restriction of O' at the source and the target

provides an automorphism of A2 D P
2 nL1 (Proposition 2.3).

(2) We have O'.C /D L1. Then, the restriction of O' at the source and the target

provides an isomorphism P
2 n L1

'
�! P

2 n D (again by Proposition 2.3).
Since the Picard group of P2 n � is isomorphic to Z=deg.�/Z, for each irre-
ducible curve � , the curve D must be a line in P

2.
(3) The map O' contracts the curve C to a k-point of P2. Then, by Lemma 2.5(4)

this point is necessarily a k-point and the curve C is k-rational.

COROLLARY 2.7
Let C �A

2 be a geometrically irreducible closed curve. If C is not rational (i.e., not
k-birational to P

1), then every open embedding A
2 nC ,!A

2 extends to an automor-
phism of A2.

Proof
This follows from Proposition 2.6 and the fact that cases (2)–(3) occur only when C
is rational.

Remark 2.8
It follows from Corollary 2.7 that the automorphism group Aut.A2 nC/, where C is a
nonrational geometrically irreducible closed curve, may be identified with the group
Aut.A2;C / of automorphisms of A2 preserving C . By [6, Theorem 2], this group is
finite (and, in particular, conjugate to a subgroup of GL2.k/ if char.k/ D 0, as one
can deduce from [13, Theorem 5] and [23, Section 6.2, Proposition 21] or from [15,
Theorem 4.3]). For a general discussion on the group Aut.A2 n C/, where C is a
geometrically irreducible closed curve, see Section 3.5 below.

We find it interesting to prove that Proposition 2.6(3) occurs only when C inter-
sects L1 in at most two k-points, even if this will not be used in the sequel.

COROLLARY 2.9
If C � A

2 is a geometrically irreducible closed curve such that C intersects L1 D
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P
2 nA2 in at least three k-points, then every open embedding A

2 nC ,!A
2 extends

to an automorphism of A2.

Proof
We may assume that k D k. Assume by contradiction that the extension O' W P2 ���
P
2 does not restrict to an automorphism of A2. By Proposition 2.6, the curve C is

contracted by O' (because C is not equivalent to a line, so (2) is impossible). We

recall that O' restricts to an isomorphism A
2 n C D P

2 n .L1 [ C/
'
�! A

2 nD D

P
2 n .L1 [ D/ (Proposition 2.6) and that C � J O' � L1 [ C , J O'�1 � L1 [ D,

where J O' , J O'�1 have the same number of irreducible components (Proposition 2.3).
We take a minimal resolution of O' which yields a commutative diagram

X
� �

P
2

O'

P
2:

We first observe that the strict transforms QLP2 ; QC � X of L1;C by � intersect in
at most one point. Indeed, otherwise the curve QLP2 would not be contracted by � ,
because � contracts QC , and is sent onto a singular curve, which then has to be D.
We get J O' D C , J O'�1 D L1, and an isomorphism P

2 n C ! P
2 n L1, which is

impossible, because C has degree at least 3.
Secondly, the fact that QLP2 ; QC � X intersect in at most one point implies that �

blows up all points of C \L1, except at most one. Since J O'�1 �D [L1, there are
at most two .�1/-curves contracted by �. But L1 and C intersect in at least three
points, so we obtain exactly two proper basepoints of O', corresponding to exactly two
.�1/-curves E1;E2 �X contracted to two points p1; p2 2 C \L1 by �. Moreover,
the identity J O'�1 DD [L1 implies that J O' D C [L1 (Proposition 2.3). We write

E 0i D �
�1.pi / nEi and find that � contracts F DE 01 [E

0
2 [
QC [ QLP2 .

We now show that Ei � F � 2, for i D 1; 2, which will imply that �.Ei / is a
singular curve for i D 1; 2 and lead to a contradiction since E1;E2 are sent onto L1
and D by � . As Ei [E 0i D �

�1.pi /, it is a tree of rational curves, which intersects
both QC and QLP2 since pi 2 C \L1. If E 0i is empty, then Ei � QC � 1 and Ei � QLP2 � 1,
whence Ei � F � 2 as we claimed. If E 0i is not empty, then Ei � E 0i � 1. The only
possibility to get Ei � F � 1 would thus be that Ei �E 0i D 1, Ei � QC D Ei � QLP2 D 0.
The equality Ei � E 0i D 1 implies that E 0i is connected, and Ei � QC D Ei � QLP2 D 0

implies that QC � E 0i � 1 and QLP2 � E
0
i � 1. Since QLP2 and QC intersect in a point not

contained in E 0i , it follows that F contains a loop and thus cannot be contracted.

Remark 2.10
In Proposition 2.6(3), it is possible that C intersects the line L1 in two k-points. This
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is the case in most of our examples (see, e.g., Lemma 4.2 or Lemma 4.9). The case of
one point is of course also possible (see for instance Lemma 2.12(1)).

We will also need the following basic algebraic result.

LEMMA 2.11
Let f 2 kŒx; y� be a polynomial, irreducible over k, and let C � A

2 be the curve
given by f D 0. Then, the ring of functions on A

2 n C and its subset of invertible
elements are equal to

O.A2 nC/D kŒx; y; f �1�� k.x; y/; O.A2 nC/� D ¹�f n j � 2 k�; n 2 Zº:

In particular, every automorphism of A2 nC permutes the fibers of the morphism

A
2 nC !A

1 n ¹0º

given by f .

Proof
The field of rational functions of A2nC is equal to k.x; y/. We may write any element
of this field as u=v, where u;v 2 kŒx; y� are coprime polynomials, v¤ 0. The rational
function is regular on A

2 nC if and only if v does not vanish on any k-point of A2 nC .
This means that v D �f n, for some � 2 k�, n � 0. This provides the description
of O.A2 nC/ and O.A2 nC/�. The last remark follows from the fact that the group
O.A2 nC/� is generated by k� and one single element g if and only if this element g
is equal to �f ˙1 for some � 2 k�. Therefore, every automorphism of A2 nC induces
an automorphism of O.A2 nC/ which sends f onto �f ˙1.

2.2. The case of lines

Proposition 2.6 shows that we need to study isomorphisms A2 nC
'
�!A

2 nD which
extend to birational maps of P

2 that contract the curve C to a point. One can ask
whether this point might be a point of A2 (and would thus be contained in D) or
belongs to the boundary line L1 D P

2 n A2. As we will show (Corollary 3.6), the
first possibility only occurs in a very special case, namely, when C is equivalent to a
line. The case of lines is special for this reason and is treated separately here.

LEMMA 2.12
Let C �A

2 be the line given by x D 0.
(1) The group of automorphisms of A2 nC is given by

Aut.A2 nC/D
®
.x; y/ 7!

�
�x˙1;	xny C s.x; x�1/

�
j �;	 2 k�;
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n 2 Z; s 2 kŒx; x�1�
¯
:

(2) Every open embedding A
2 nC ,!A

2 is equal to  ˛, where ˛ 2Aut.A2 nC/
and  W A2 n C ,! A

2 extends to an automorphism of A2. In particular, the
complement of its image, that is, the complement of  ˛.A2 nC/D .A2 nC/,
is a curve equivalent to a line.

Proof
To prove (1), we first observe that each transformation .x; y/ 7! .�x˙1;	xny C

s.x; x�1// actually yields an automorphism of A2 n C . Then we only need to show
that all automorphisms of A2 nC are of this form. An automorphism of A2 nC cor-
responds to an automorphism of kŒx; y; x�1� which sends x to �x˙1, where � 2 k�

(Lemma 2.11). Applying the inverse of .x; y/ 7! .�x˙1; y/, we may assume that x
is fixed. We are left with an R-automorphism of RŒy�, where R is the ring kŒx; x�1�.
Such an automorphism is of the form y 7! ay C b, where a 2 R�, b 2 R. Indeed,
if the maps y 7! p.y/ and y 7! q.y/ are inverses of each other, then the equality
y D p.q.y// implies that degp D degq D 1. This actually proves that p has the
desired form, that is, pD ay C b, where a 2R�, b 2R.

To prove (2), we use Proposition 2.6, write ' as an isomorphism A
2 n C

'
�!

A
2 nD where D is a geometrically irreducible closed curve, and only need to see

that D is equivalent to a line. We write  D '�1, choose an equation f D 0 for
D (where f 2 kŒx; y� is an irreducible polynomial over k), and get an isomorphism
 � W O.A2 n C/D kŒx; y; x�1�! O.A2 nD/D kŒx; y; f �1� that sends x to �f ˙1

for some � 2 k�. (Since the group O.A2 n D/� is generated by k� and the sin-
gle element  �.x/, this forces  �.x/ D �f ˙1.) We can thus write  as .x; y/ 7!
.�f .x;y/˙1; g.x;y/f .x;y/n/, where n 2 Z and g 2 kŒx; y�. Replacing  by its
composition with the automorphism .x; y/ 7! ..��1x/˙1; y..��1x/˙1/�n/ of A2 n
C , we may assume that  is of the form .x; y/ 7! .f .x;y/; g.x;y//. If g is equal
to a constant 
 2 k modulo f , we apply the automorphism .x; y/ 7! .x; .y � 
/x�1/

and decrease the degree of g. After finitely many steps we obtain an isomorphism

A
2 nD

'
�! A

2 n C of the form  0 W .x; y/ 7! .f .x;y/; g.x;y// where g is not a
constant modulo f . The image of D by  0 is then dense in C , which implies that  0
extends to an automorphism of A2 that sends D onto C (Proposition 2.6).

3. Geometric description of open embeddings A2 nC ,!A
2

3.1. Embeddings into Hirzebruch surfaces
We will need not only embeddings of A2 into P

2, but also embeddings of A2 into
other smooth projective surfaces and, in particular, into Hirzebruch surfaces. These
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surfaces play a natural role in the study of automorphisms of A2 (and of images of
curves by these automorphisms), as we can decompose every automorphism of A2

into elementary links between such surfaces and then study how the singularities at
infinity of the curves behave under these elementary links (see, e.g., [6]).

Example 3.1
For n� 1, the nth Hirzebruch surface Fn is

Fn D
®�
Œa W b W c�; Œu W v�

�
2 P2 � P1 j bvn D cun

¯

and the projection �n W Fn! P
1 yields a P

1-bundle structure on Fn. Let Sn;Fn � Fn

be the curves given by Œ1 W 0 W 0�� P1 and vD 0, respectively. The morphism

A
2 ,! Fn;

.x; y/ 7!
�
Œx W yn W 1�; Œy W 1�

�

gives an isomorphism A
2 �! Fnn.Sn [Fn/.

We recall the following easy classical result.

LEMMA 3.2
For each n� 1, the projection �n W Fn! P1 is the unique P1-bundle structure on Fn,
up to automorphisms of the target P1. The curve Sn is the unique irreducible k-curve
in Fn of self-intersection �n, and we have .Fn/2 D 0.

Proof
Since Fnn.Sn [ Fn/ is isomorphic to A2, whose Picard group is trivial, we have
Pic.Fn/D ZFnCZSn (where the class of a divisorD is again denoted byD). More-
over, Fn is a fiber of �n and Sn is a section, so .Fn/2 D 0 and Fn � Sn D 1. We
denote by S 0n � Fn the section given by a D 0, and we find that S 0n is equivalent to
Sn C nFn, by computing the divisor of a

c
. Since Sn and S 0n are disjoint, this yields

0D Sn � .SnC nFn/D .Sn/
2C n, so .Sn/2 D�n.

To get the result, it suffices to show that an irreducible k-curve C � Fn not equal
to Sn or to a fiber of �n has self-intersection at least equal to n. This will show, in
particular, that a general fiber F of any morphism Fn! P

1 is equal to a fiber of �n,
since F has self-intersection 0. We write C D kSn C lFn for some k; l 2 Z. Since
C ¤ Sn we have 0� C � Sn D l � nk. Since C is not a fiber, it intersects every fiber,
so 0 < Fn �C D k. This yields l � nk > 0 and C 2 D�nk2C2kl D klCk.l�nk/�
kl � nk2 � n.
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LEMMA 3.3
Let C � A

2 be a geometrically irreducible closed curve. Then, there exist an integer

n� 1 and an isomorphism � W A2
'
�! Fnn.Sn [ Fn/ such that the closure of �.C / in

Fn is a curve � which satisfies one of the following two possibilities:
(1) � �Fn D 1 and � \Fn \ Sn D;.
(2) � �Fn � 2 and the following assertions hold:

(a) If nD 1, then 2mp.�/� � �F1 for ¹pº D S1\F1, andmr.�/� � �S1
for each r 2 F1.k/.

(b) If n� 2, then 2mr.�/� � �Fn for each r 2 Fn.k/.
Furthermore, in case (1), the curve C is equivalent to a curve given by an equation
of the form

a.y/xC b.y/D 0;

where a; b 2 kŒy� are coprime polynomials such that a¤ 0 and degb < dega. More-
over, the following assertions are equivalent:
(i) The polynomial a is constant.
(ii) The curve C is equivalent to a line.
(iii) The curve C is isomorphic to A

1.
(iv) � � Sn D 0.

Proof

Let us take any fixed isomorphism � W A2
'
�! Fnn.Sn [ Fn/ for some n � 1, and

denote by � the closure of �.C /. We first assume that � � Fn D 1. This is equivalent
to saying that � is a section of �n. We may furthermore assume that the k-point qn
defined by ¹qnº D Fn \ Sn does not belong to � , as otherwise we could blow up the
point qn, contract the curve Fn, change the embedding to FnC1, and decrease by 1
the intersection number of � with Sn at the point qn. After finitely many steps we get
qn … � , that is, we are in case (1).

If � � Fn D 0, then � is a fiber of �n W Fn! P
1. Let  be the unique automor-

phism of A2 such that � ı is the standard embedding of A2 into Fn of Example 3.1.
Then, the curve C is equivalent to the curve  �1.C /, which has equation y D �, for
some � 2 k. This proves that C is equivalent to the line y D �, and thus to the line
x D �, sent by the standard embedding onto a curve satisfying conditions (1).

It remains to consider the case where � � Fn � 2. If � satisfies (2), we are done.
Otherwise, we have a k-point p 2 Fn satisfying one of the following two possibilities:
(a) nD 1, mp.�/ > � � S1, and p 2 F1.
(b) 2mp.�/ > � �Fn and either n� 2 or nD 1 and p 2 S1 \F1.

We will replace the isomorphism A
2 '
�! Fnn.Sn [ Fn/ by another, where the sin-

gularities of the curve � either decrease (all multiplicities are unchanged, except one
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which has decreased) or stay the same. (As usual, the multiplicities taken into account
concern not only the proper points of Fn, but also the infinitely near points.) More-
over, the case where the multiplicities stay the same is only in (a), which cannot
appear two consecutive times. Note that in all that process the intersection � � Fn
remains unchanged. Then, after finitely many steps, the new curve � satisfies the
conditions (2).

In case (a), we observe that the inequality mp.�/ > � � S1 combined with the
inequality � � S1 � .� � S1/p � mp.�/ �mp.S1/ implies that p … S1. We may then
choose p to be a k-point of F1 n S1 of maximal multiplicity, denote by � W F1! P

2

the birational morphism contracting S1 to a k-point q 2 P
2, observe that �.F1/ is

a line through q, and observe that �.�/ is a curve of multiplicity � � S1 at q and of
multiplicitymp.�/ > � �S1 at p0 D �.p/ 2 �.F1/. Moreover, p0 is a k-point of �.F1/
of maximal multiplicity on that line. Denote by � 0 W F01! P2 the birational morphism
which is the blowup at p0. Let S 01 be the exceptional fiber of � 0, let F 01 be the strict
transform of �.F1/, and let � 0 be the strict transform of �.�/. We then replace the

isomorphism A
2 '
�! F1 n .S1 [ F1/ with the analogous isomorphism A

2 '
�! F

0
1 n

.S 01 [F
0
1/ and get

8r 2 F 01; mr .�
0/� � 0 � S 01 Dmp.�/:

Hence, (a) is no longer possible. Moreover, the singularities of the new curve � 0 have
either decreased or stayed the same: Indeed, the multiplicities of the singular points
of �.�/ are the same as those of � , plus one point of multiplicity � � S1. Similarly,
the multiplicities of the singular points of �.�/ are the same as those of � 0, plus
one point of multiplicity mp.�/. Of course, we do not really get a singular point if
the multiplicity is 1. Therefore, the singularities of the new curve remain the same if
and only if mp.�/D 1 and � � S1 D 0. The situation is illustrated below in a simple
example (which satisfies mp.�/D 3 > � � S1 D 2).

In case (b), we denote by 
 W Fn ��� Fn0 the birational map that blows up the point p
and contracts the strict transform of Fn. Call q the point to which the strict transform
of Fn is contracted. We have 
 D �q ı .�p/�1, where �p (resp., �q) are blowups
of the point p of Fn (resp., the point q of Fn0 ). The drawing below illustrates the
situation in a case where n0 D n � 1. The composition of � with 
 provides a new
isomorphism A

2! Fn0 n .Sn0 [ Fn0/, where Sn0 is the image of Sn and Fn0 is the
curve corresponding to the exceptional divisor of p. Note that Fn0 is a fiber of the P1-
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bundle � 0 W Fn0! P
1 corresponding to � 0 D �n ı 
�1, and note that Sn0 is a section,

of self-intersection �n0, where n0 D nC 1 if p 2 Sn and n0 D n� 1 if p … Sn. Hence,
since n � 2 or nD 1 and ¹pº D Sn \ Fn, we get that .Sn0/2 D �n0 < 0 and obtain

a new isomorphism �0 W A2
'
�! Fn0n.Sn0 [ Fn0/. The singularity of the new curve

� 0 at the point q is equal to � � Fn �mp.�/, which is strictly smaller than mp.�/
by assumption. Moreover, 2mp.�/ > � � Fn � 2, which implies that p is indeed a
singular point of � .

Fn

Sn

�

p

�p
 �

��1p .p/

��1q .q/

�q
�!

Fn0

Sn0

� 0

q

Finally, we must now prove the last statement of our lemma, which concerns
case (1). Let  be the unique automorphism of A

2 such that � ı  is the standard
embedding of A

2 into Fn of Example 3.1. Then, by replacing � by � ı  and C

by the equivalent curve  �1.C /, we may assume that � W A2
'
�! Fnn.Sn [ Fn/ is

the standard embedding. This being done, the restriction of �n W Fn! P
1 to A

2 is
.x; y/! Œy W 1�. With the fibers of �n equivalent to Fn being given by y D cst, the
degree in x of the equation of C is equal to � �Fn. (This can be done, for instance, by
extending the scalars to k and taking a general fiber.) Since � � Fn D 1, the equation
is of the form xa.y/ C b.y/ for some polynomials a; b 2 kŒy�, a ¤ 0. Since C is
geometrically irreducible, the polynomials a and b are coprime. There exist (unique)
polynomials q; Qb 2 kŒx� such that b D aq C Qb with deg Qb < dega. Then, changing
the coordinates by applying .x; y/ 7! .xCq.y/; y/, we may furthermore assume that
degb < dega.

Let us prove that points (i)–(iv) are equivalent. The implications (i) ) (ii) )
(iii) are obvious. We then prove (iii)) (iv)) (i).

(iii) ) (iv): We recall that � is a section of �n W Fn ! P
1, so that we have

isomorphisms � ' P
1 and � n Fn ' A

1. The fact that C D � n .Fn [ Sn/ ' A
1

implies that C \ .Sn n Fn/ is empty. Since � \ Fn \ Sn D ; by assumption, we get
� � Sn D 0.

(iv)) (i): We use the open embedding

A
2 ,! Fn;

.u; v/ 7!
�
Œ1 W uvn W u�; Œv W 1�

�
:
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The preimages of � and Sn by this embedding are the curves of equations a.v/C
b.v/uD 0 and uD 0. Hence, � � Sn D 0 implies that a has no k-root and thus is a
constant.

3.2. Extension to regular morphisms on A
2

The following proposition is the principal tool in the proof of Proposition 3.10, Corol-
lary 3.11, and Proposition 3.13, which themselves give the main part of Theorem 1.

PROPOSITION 3.4
Let C �A

2 be a geometrically irreducible closed curve, not equivalent to a line, and
let ' W A2 n C ,! A

2 be an open embedding. Then, there exists an open embedding
� W A2 ,! Fn, for some n � 1, such that the rational map � ı ' extends to a regular
morphism A2! Fn, and such that �.A2/D Fn n .Sn [Fn/ (where Sn and Fn are as
in Example 3.1).

Proof
By Proposition 2.6, '.A2 n C/D A

2 nD for some geometrically irreducible closed
curve D. If ' extends to an automorphism of A2 sending C onto D, the result is

obvious, by taking any isomorphism � W A2
'
�! Fn n .Fn [ Sn/, so we may assume

that ' does not extend to an automorphism of A2. Lemma 2.12 implies, since C is
not equivalent to a line, that the same holds for D. Moreover, Proposition 2.6 implies
that the extension of '�1 to a birational map P

2 ��� P
2, via the standard embedding

A
2 ,! P

2, contracts the curve D to a k-point of P2. In particular, it does not send D
birationally onto C or onto L1.

We choose an open embedding � W A2 ,! Fn given by Lemma 3.3, which comes

from an isomorphism � W A2
'
�! Fnn.Sn [Fn/, such that the closure of �.D/ in Fn is

a curve � which satisfies one of the two possibilities (1)–(2) of Lemma 3.3.
We want to show that the open embedding � ı ' W A2 n C ,! Fn extends to

a regular morphism on A
2. Using the standard embedding of A

2 into P
2 (Defi-

nition 2.1), we get a birational map  W P2 ��� Fn and need to show that all k-
basepoints of this map are contained in L1. Note that  restricts to an isomorphism

P
2 n .L1 [C/

'
�! Fn n .Fn [Sn [�/. This implies that all k-basepoints of  ; �1

are defined over k (Lemma 2.5(1)) and gives the following commutative diagram:
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where �;� are blowups of the basepoints of  and  �1, respectively, and where
��1.L1 [C/D �

�1.Fn [ Sn [ �/ (Lemma 2.5(2)–2.5(3)).
We assume by contradiction that  has a basepoint q in A

2 D P
2 n L1, which

means that one .�1/-curve Eq �X is contracted by � to q. This curve is the excep-
tional divisor of a basepoint infinitely near to q, but not necessarily of q. The min-
imality of the resolution implies that � does not contract Eq , so �.Eq/ is a curve
of Fn contracted by  �1 to q, which belongs to ¹�;Fn; Snº.

We first study the case where  has no basepoint in L1. The strict transform
ofL1 then has self-intersection 1 onX . Hence, it is not contracted by � and thus sent
onto a curve of self-intersection at least 1, which belongs to ¹�;Fn; Snº by Lemma
2.5(4). As .Fn/2 D 0 and .Sn/2 D�n��1,L1 is sent onto � by . This contradicts
the fact that � is not sent birationally onto L1 by  �1.

We can now reduce to the case where  also has a basepoint p in L1. There
is thus a .�1/-curve Ep � X contracted by � to p and not contracted by � . As
above, this curve is the exceptional divisor of a basepoint infinitely near to p, but not
necessarily of p. Again, �.Ep/ belongs to ¹�;Fn; Snº. We thus have at least two of
the curves � , Fn, Sn that correspond to .�1/-curves of X contracted by �.

We suppose first that Sn corresponds to a .�1/-curve of X contracted by �. The
fact that .Sn/2 D�n��1 implies that nD 1 and that � does not blow up any point
of Sn. As there is another .�1/-curve ofX contracted by �, the two curves are disjoint
on X , and thus also disjoint on F1, since � does not blow up any point of S1. The
other curve is then � (since F1 � S1 D 1), and � � S1 D 0. If moreover � � F1 D 1
(Lemma 3.3(1)), then the contraction F1 ! P2 of S1 sends � onto a line of P2,
which contradicts the fact that D � A

2 is not equivalent to a line. If � � F1 � 2,
then Lemma 3.3(2) implies that mr.�/ � � � S1 D 0 for each r 2 F1.k/. Hence, the
intersection of � with F1 (which is not empty since � �F1 � 2) consists only of points
not defined over k, which are therefore not blown up by � . The strict transforms Q� and
QF1 on X then satisfy Q� � QF1 D � �F1 � 2. As Q� is contracted by �, the image �. QF1/ is

a singular curve and is then equal to C . This contradicts the fact that  contracts C
to a point.

There remains the case where Sn does not correspond to a .�1/-curve of X
contracted by �, which implies that ¹�.Ep/;�.Eq/º D ¹Fn; �º or, equivalently, that
¹Ep;Eqº D ¹ QFn; Q�º, where QFn and Q� denote the strict transforms of Fn and � on
X . Since .Fn/2 D 0 and . QFn/2 D�1, there exists exactly one k-point r 2 Fn (and no
infinitely near points) blown up by � , which is then a k-point (as all basepoints of �
are defined over k). We obtain

mr.�/D � �Fn � 1 and � \Fn D ¹rº;

since QFn and Q� are disjoint on X (and because � � Fn � 1, as � satisfies one of the
two conditions (1)–(2) of Lemma 3.3).
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We now prove that ��1.r/ and ��1.Sn/ are two disjoint connected sets of ratio-
nal curves which intersect the two curves QFn and Q� , that is, the two curves Ep and
Eq . For this, it suffices to prove that r … Sn and that Sn � � � 1. Suppose first that
� �Fn D 1 (Lemma 3.3(1)). Since � \Fn\Sn D;, we get r 2 Fn nSn. The inequal-
ity � � Sn > 0 is provided by the fact that D is not equivalent to a line (see again
Lemma 3.3(1) and the equivalence between (ii) and (iv) given in that case). Suppose
now that � �Fn � 2. Asmr .�/D � �Fn � 2, we have 2mr.�/ > � �Fn, which implies
that nD 1, r 2 Fn n Sn, and 2�mr .�/� � � Sn (see again Lemma 3.3(2)).

We conclude by observing that, since �.Eq/D q 2 P2 n L1 and �.Ep/D p 2
L1, any connected set of curves of ��1.L1 [ C/ which intersects the two curves
Eq and Ep must contain the strict transform QC of C . Since ��1.r/ and ��1.Sn/ are
included in ��1.Fn [Sn [�/D ��1.L1 [C/, this contradicts the fact that ��1.r/
and ��1.Sn/ are two disjoint connected sets of rational curves which intersect the
two curves QFn and Q� .

A direct consequence of Proposition 3.4 is the following corollary, which shows
that only smooth curves C � A

2 are interesting to study. This also follows from
Proposition 3.10 below. Since the proof of Proposition 3.10 is more involved, we
prefer first to explain the simpler argument that shows how the smoothness follows
from Proposition 3.4.

COROLLARY 3.5
Let C � A2 be a geometrically irreducible closed curve. If C is not smooth, then
every open embedding ' W A2 nC ,!A

2 extends to an automorphism of A2.

Proof
By Proposition 2.6, '.A2 n C/D A

2 nD for some geometrically irreducible closed
curve D. We apply Proposition 3.4 and obtain an open embedding � W A2 ,! Fn, for
some n� 1, such that the rational map � ı ' extends to a regular morphism A

2! Fn.
Embedding A

2 into P
2, we get a birational map  W P2 ��� Fn which is regular on A

2.
In particular, the singular k-points of C are not blown up in the minimal resolution of
 . Hence, the curve C is not contracted by  and is thus sent onto a singular curve

 .C/ � Fn. Since  restricts to an isomorphism P
2 n .L1 [ C/

'
�! Fn n .Fn [

Sn [D/, Lemma 2.5(4) shows that the singular curve  .C/ must be Fn, Sn, or D.
As Fn and Sn are smooth, we find that  .C/DD. Proposition 2.6 then shows that '
extends to an automorphism of A2.
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Another direct consequence of Proposition 3.4 is the following result, which
shows that in Proposition 2.6(3) the point to which C is contracted lies in A

2 only in
a very special situation.

COROLLARY 3.6
Let C �A

2 be a geometrically irreducible closed curve, and let ' W A2 nC ,!A
2 be

an open embedding. If the extension of ' to P
2 contracts the curve C (or equiv-

alently its closure) to a point of A
2, then there exist automorphisms ˛;ˇ of A

2

and an endomorphism  W A2 ! A
2 of the form .x; y/ 7! .x; xny/, where n � 1

is an integer, such that ' D ˛ ˇ. In particular, C � A
2 is equivalent to a line,

via ˇ.

Proof
By Proposition 2.6, '.A2 n C/D A

2 nD for some geometrically irreducible closed
curve D. Denote by '�1 W A2 ��� A

2 the birational transformation which is the
inverse of '. Since C is contracted by ' to a point of A

2, it is not possible to
find an open embedding � W A2 ,! Fn, for some n � 1, such that the birational map
� ı '�1 actually defines a regular morphism A2 ! Fn. By Proposition 3.4, this
implies that D is equivalent to a line. Hence, the same holds for C , by Lemma 2.12.
Applying automorphisms of A

2 at the source and the target, we may then assume
that C and D are equal to the line x D 0. By Lemma 2.12(1), the map ' is of
the form .x; y/ 7! .�x;	xny C s.x//, where �;	 2 k�, n � 1, and s 2 kŒx� is a
polynomial. We then observe that ' D ˛ , where ˛ is the automorphism of A2

given by .x; y/ 7! .�x;	y C s.x// and  is the endomorphism of A
2 given by

.x; y/ 7! .x; xny/.

Corollary 3.6 also gives a simple proof of the following characterization of
birational endomorphisms of A2 that contract only one geometrically irreducible
closed curve. This result has already been obtained by Daniel Daigle in [11, Theo-
rem 4.11].

COROLLARY 3.7
Let C � A2 be a geometrically irreducible closed curve, and let ' be a birational
endomorphism of A2 which restricts to an open embedding A

2 nC ,!A
2. Then, the

following assertions are equivalent:
(1) The endomorphism ' contracts the curve C .
(2) The endomorphism ' is not an automorphism.
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(3) There exist automorphisms ˛;ˇ of A2 and an endomorphism  W A2 ! A
2

of the form .x; y/ 7! .x; xny/, where n � 1 is an integer, such that ' D
˛ ˇ.

Proof
.3/) .2/ This follows from the fact that, for each n � 1, the map  W .x; y/ 7!
.x; xny/ is a birational endomorphism of A2 which is not an automorphism, as its
inverse  �1 W .x; y/ 7! .x; x�ny/ is not regular.

.2/) .1/Denote by O' W P2 ��� P
2 the birational map induced by '. Since ' is an

endomorphism of A2 which is not an automorphism, cases (1)–(2) of Proposition 2.6
are not possible. Hence, we are in case (3): C is contracted by O' to a point of P2,
which is necessarily in A

2 since '.A2/�A
2.

.1/) .3/ This follows from Corollary 3.6.

3.3. Completion with two curves and a boundary
The following technical Proposition 3.10 is used to prove Corollary 3.11 and Propo-
sition 3.13, which yield almost all statements of Theorem 1.

Definition 3.8
Let X be a smooth projective surface. A reduced closed curve C � X is a k-forest
of X if C is a finite union of closed curves C1; : : : ;Cn, all isomorphic (over k) to
P
1, and if each singular k-point of C is a k-point lying on exactly two components
Ci ;Cj intersecting transversally. We moreover ask that C not contain any loop. If C
is connected, we say that C is a k-tree.

Remark 3.9
If � W X ! Y is a birational morphism between smooth projective surfaces such that
all k-basepoints of ��1 are defined over k, then the exceptional curve of � (the union
of the contracted curves) is a k-forest E �X . Moreover, the strict transform and the
preimage of any k-forest of Y is a k-forest of X . The preimage of a k-tree is a k-tree.

PROPOSITION 3.10
LetC;D �A2 be geometrically irreducible closed curves, not equivalent to lines, and

let ' W A2 n C
'
�! A

2 nD be an isomorphism which does not extend to an automor-
phism of A2. Then there are a smooth projective surface X and two open embeddings
�1; �2 W A

2 ,!X which make the following diagram commutative
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X

A
2

�1

A
2

�2

A
2 nC

'

'
A
2 nD

and such that the following hold:
(i) The curves � D �1.C /�X , �D �2.D/�X are isomorphic to P

1.
(ii) For i D 1; 2, we have �i .A2/DX nBi for some k-tree Bi .
(iii) Writing B DB1 \B2, we have B1 DB [� and B2 DB [ � .
(iv) There is no birational morphism X ! Y , where Y is a smooth projective

surface, which contracts one connected component ofB , and no other k-curve.
(v) The number of connected components of B is equal to the number of k-points

of B \ � and to the number of k-points of B \� and is at most 2.

Proof
By Proposition 3.4, there exist integers m;n� 1 and isomorphisms

�1 W A
2 '
�! Fm n .Sm [Fm/; �2 W A

2 '
�! Fn n .Sn [Fn/

such that both open embeddings �1'�1 W A2 nD! Fm and �2' W A2 nC ! Fn extend
to regular morphisms u1 W A2! Fm and u2 W A2! Fn. Denote by  W Fm ��� Fn the
corresponding birational map, equal to �2.u1/�1 D u2.�1/�1. The restriction of  

gives an isomorphism Fm n .Sm [ Fm [ �1.C //
'
�! Fn n .Sn [ Fn [ �2.D// (which

corresponds to '). We then have the following commutative diagram:

X
� �

Fm

 

Fn

A
2

�1 u2

A
2

�2u1

A
2 nC

'

'
A
2 nD

where � and � are birational morphisms, which are sequences of blowups of k-points,
being the k-basepoints of  and  �1, respectively (Lemma 2.5).
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Since u1; u2 are regular on A
2, the k-basepoints of  (resp.,  �1) are infinitely

near to k-points of Fm [ Sm � Fm (resp., Fn [ Sn � Fn). In particular, we get two
open embeddings

�1 D �
�1�1 W A

2 ,!X; �2 D �
�1�2 W A

2 ,!X

such that �2' D �1 (or more precisely �2' D �1jA2nC ). We have �1.A2/D X n B1
and �2.A2/ D X n B2, where B1 WD ��1.Sm [ Fm/ and B2 WD ��1.Sn [ Fn/ are
k-trees (see Remark 3.9).

By Lemma 2.5, the following equality holds:

��1
�
Sm [Fm [ �1.C /

�
D ��1

�
Sn [Fn [ �2.D/

�
:

The left-hand side is equal to B1[� , where � D �1.C /�X is the strict transform of
�1.C /� Fm by �, and the right-hand side is equal to B2[�, where �D �2.D/�X
is the strict transform of �2.D/ � Fn by � . The fact that ' does not extend to an
automorphism of A2 implies that B1 ¤ B2, whence �¤ � . By writing B WD B1 \
B2, the equality B1 [ � DB2 [� yields

B2 DB [ � and B1 DB [�
�
with � D �1.C /;�D �2.D/�X

�
:

In particular, since B1;B2 are two k-trees, � and � are isomorphic to P
1 (over k)

and intersect transversally B in a finite number of k-points. We have now found the
surfaceX together with the embeddings �1; �2, satisfying conditions (i), (ii), and (iii).
We will then modify X if needed in order to get (iv) and (v).

The number of connected components of B is equal to the number of k-points
of B \� and of B \�: this follows from the fact that B [� and B [� are k-trees.
Remember that each k-point of B \� , or of B \�, is a k-point, as mentioned earlier.

Suppose that the number of connected components of B is r � 3, and let us show
that at least r � 2 connected components of B are contractible (in the sense that there
is a birational morphism X ! Y , where Y is a smooth projective rational surface,
which contracts one component of B and no other k-curve). To show this, we first
observe that � intersects r distinct curves of B . Since � is one of the irreducible
components of B2 D ��1.Sn [ Fn/, we can decompose � as �2 ı �1, where �1.�/
is an irreducible component of .�2/�1.Sn [ Fn/ intersecting exactly two other irre-
ducible components R1;R2, and such that all k-points blown up by �1 are infinitely
near points of �1.�/ n .R1 [ R2/. This proves that we can contract at least r � 2
connected components of B .

If one connected component of B is contractible, then there exists a morphism
X ! Y , where Y is a smooth projective rational surface, which contracts this com-
ponent of B , and no other curve. Since the component intersects � transversally in
one point and also � in one point, we can replace X by Y and replace �1; �2 by their
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compositions with the morphism X ! Y and still fulfill conditions (i), (ii), and (iii).
After finitely many steps, condition (iv) is satisfied. By the observation made earlier,
the number of connected components of B , after this is done, is at most 2, giving then
(v).

COROLLARY 3.11
Let C;D � A

2 be geometrically irreducible closed curves, and let ' W A2 n C
'
�!

A
2 nD be an isomorphism which does not extend to an automorphism of A2. Then,

the curves C;D are isomorphic to open subsets of A1: there exist polynomials P;Q 2
kŒt � without square factors such that C ' Spec.kŒt; 1

P
�/ and D ' Spec.kŒt; 1

Q
�/.

Moreover, the numbers of k-roots of P and Q are the same (i.e., by extending the
scalars to k, the curves C andD become isomorphic to A

1 minus some finite number
of points, the same number for both curves). The numbers of k-roots of P and Q are
also the same.

Remark 3.12
When kD C, this follows from the fact that C and D are isomorphic to open sub-
sets of A1, since the curves are rational (Corollary 2.7) and smooth (Corollary 3.5).
Indeed, since A

2 n C and A
2 nD are isomorphic, they have the same Euler charac-

teristic, so C and D also have the same Euler characteristic.

Proof
IfC orD is equivalent to a line, so are both curves (Lemma 2.12), and the result holds.
Otherwise, we apply Proposition 3.10 and get a smooth projective surface X and two
open embeddings �1; �2 W A2 ,!X such that �2' D �1 and satisfying the conditions
(i)–(v). In particular, C is isomorphic to � nB1 D � n ..� \B/[ .� [�//. Since �
is isomorphic to P

1 and � \ B consists of one or two k-points, this shows that � is
isomorphic to an open subset of A1. Proceeding similarly forD, we get isomorphisms
C ' Spec.kŒt; 1

P
�/ andD ' Spec.kŒt; 1

Q
�/ where P;Q 2 kŒt � are polynomials, which

we may assume without square factors.
The number of k-roots of P is equal to the number of k-points of � \B1 minus

1. Similarly, the number of k-roots of Q is equal to the number of k-points of �\B2
minus 1. To see that these numbers are equal, we observe that � \B1 D .� \B/[
.�\�/, that�\B2 D .�\B/[ .�\�/, and that the number of k-points of �\B
is the same as the number of k-points of�\B . (This follows from (v).) As each point
of � \B that is contained in � \� is also contained in�\B , this shows that P and
Q have the same number of k-roots. As each k-point of � \B1 or �\B2 which is
not a k-point is contained in � \�, the polynomials P and Q have the same number
of k-roots.
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PROPOSITION 3.13
Let C;D;D0 �A

2 be geometrically irreducible closed curves, not equivalent to lines,

and let ' W A2 n C
'
�! A

2 nD, '0 W A2 n C
'
�! A

2 nD0 be isomorphisms which do
not extend to automorphisms of A2. Then, one of the following holds:
(1) The map '0.'/�1 extends to an automorphism of A2 (sending D to D0).
(2) The curves C;D;D0 are isomorphic to A

1.
(3) The curves C;D;D0 are isomorphic to A

1 n ¹0º.

Remark 3.14
Case (2) never occurs, as we will show later. Indeed, since C is not equivalent to a
line, the existence of ';'0 is excluded (Proposition 3.16 below).

Proof
If C ' A

1 or C ' A
1 n ¹0º, then D ' C ' D0 by Corollary 3.11. We may thus

assume that C is not isomorphic to A
1 or A

1 n ¹0º. We apply Proposition 3.10
with ' and '0 and get smooth projective surfaces X;X 0 and open embeddings
�1; �2; �

0
1; �
0
2 W A

2 ,! X such that �2' D �1, �02'
0 D �01 and satisfying the condi-

tions (i)–(v). In particular, we obtain an isomorphism 
 W X n .B [ � [ �/
'
�!

X 0 n .B 0 [ � 0 [�0/ (where � D �1.C / � X , �D �2.D/ � X , � 0 D �01.C / � X
0,

�0 D �02.D
0/�X 0) and a commutative diagram:

By construction, 
 sends � D �1.C / birationally onto � 0 D �01.C /. If 
 also sends �
birationally onto�0, then '0'�1 extends to a birational map that sendsD birationally
onto D0, and then extends to an automorphism of A2 (Proposition 2.6). It remains
then to show that this is the case.

Using Lemma 2.5, we take a minimal resolution of the indeterminacies of 
:

Z� �

X
�

X 0

where � and � are the blowups of the k-basepoints of 
 and 
�1, all being k-rational.
We want to show that the strict transforms Q� and Q�0 of��X ,�0 �X 0 are equal. We
will do this by studying the strict transform Q� D Q� 0 of � and � 0 and its intersection
with Q� and Q�0 and with the other components of BZ D ��1.B[�[�/D ��1.B 0[
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� 0 [�0/. Recall that B1 D B [�, B2 D B [ � , B 01 D B
0 [�0, B 02 D B

0 [ � 0 are
k-trees and that C is isomorphic to � nB1 and � 0 nB 01 (Proposition 3.10).

(i) Suppose first that � \B1 contains some k-points which are not defined over
k. None of these points is thus a basepoint of 
 and each of these points belongs to
�\�, so Q�\ Q� contains k-points not defined over k. SinceB 02 is a k-tree, ��1.B 02/ is
a k-tree, so Q� D Q� 0 intersects all irreducible components of BZ into k-points, except
maybe Q�0. This yields Q�D Q�0 as we wanted.

(ii) We can now assume that all k-points of � \ B1 are defined over k, which
implies that all intersections of irreducible components of BZ are defined over k. We
will say that an irreducible component of BZ is separating if the union of all other
irreducible components is a k-forest (see Definition 3.8).

Since B1 D B [� is a k-tree, its preimage on BZ is a k-tree. The union of all
components of BZ distinct from Q� being equal to the disjoint union of ��1.B1/ with
some k-forest contracted to points of � nB1, we find that Q� is separating. The same
argument shows that Q� and Q�0 are also separating.

It then remains to show that any irreducible component E � BZ which is not
equal to Q� or Q� is not separating. We use for this the fact that C ' � n B1 is not
isomorphic to A1 or A1 n ¹0º, so the set � \B1 contains at least three points. If �.E/
is a point q, then the complement of ��1.q/ in BZ contains a loop, since � intersects
the k-tree B1 into at least two points distinct from q. If �.E/ is not a point, it is one
of the components of B . We denote by F the union of all irreducible components of
B [ � [ � not equal to �.E/ and prove that F is not a k-forest, since it contains
a loop. This is true if � \ � contains at least two points. If � \ � contains one
or fewer points, then � \ B contains at least two points, so it contains exactly two
points on the two connected components of B which both intersect � and � (see
Proposition 3.10(v)). We again get a loop on the union of � , �, and the connected
component of B not containing �.E/. The fact that F contains a loop implies that
��1.F / contains a loop and thus proves that E is not separating.

3.4. The case of curves isomorphic to A
1 and the proof of Theorem 1

To finish the proof of Theorem 1, we still need to handle the case of curves isomorphic
to A

1. The case of lines has already been treated in Lemma 2.12. In characteristic
0, this finishes the study by the Abyhankar–Moh–Suzuki theorem, but in positive
characteristic, there are many closed curves of A2 which are isomorphic to A

1, but are
not equivalent to lines. (These curves are sometimes called bad lines in the literature.)
We will show that an open embedding A

2 n C ,! A
2 always extends to A

2 if C is
isomorphic to A

1, but not equivalent to a line.
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LEMMA 3.15
Let n � 1, and let � � Fn be a geometrically irreducible closed curve such that � �
Fn � 2. If there exists a birational map Fn ��� P

2 that contracts � to a point (and
perhaps contracts some other curves), then � is geometrically rational and singular.
Moreover, one of the following occurs:
(a) There exists a point p 2 Fn.k/ such that 2mp.�/ > � �Fn.
(b) We have n D 1 and there exists a point p 2 F1.k/ n S1 such that mp.�/ >

� � S1.

Proof
We may assume that kD k. Denote by  W Fn ��� P2 the birational map that contracts
C to a point (and maybe some other curves). The minimal resolution of this map
yields a commutative diagram:

X� �

Fn

'

P
2

In Pic.Fn/D ZFn˚ZSn we write

� D aSnC bFn;

�KFn
D 2SnC .2C n/Fn

for some integers a; b. Note that aD � � Fn � 2, and note that b � anD � � Sn � 0.
By hypothesis, the strict transform Q� of � on X is a smooth curve contracted by � .
In particular, � is rational and the divisor 2 Q� C aKX is not effective, since

.2 Q� C aKX / � �
�.L/D aKX � �

�.L/D a��.KP2/ � �
�.L/D aKP2 �LD�3a < 0

for a general line L� P
2.

Denoting byE1; : : : ;Er 2 Pic.X/ the pullbacks of the exceptional divisors blown
up by � (which satisfy .Ei /2 D�1 for each i and Ei �Ej D 0 for i ¤ j ), we have

Q� D a��.Sn/C b�
�.Fn/�

rX
iD1

miEi ;

�KX D 2�
�.Sn/C .2C n/�

�.Fn/�

rX
iD1

Ei ;

2 Q� C aKX D
�
2b � a.2C n/

�
��.Fn/C

rX
iD1

.a� 2mi /Ei ;
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which implies, since 2 Q�CaKX is not effective, that either 2b < a.2Cn/ or 2mi > a
for some i . If 2mi > a for some i , we get (a), since the mi ’s are the multiplicities
of Q� at the points blown up by �.

It remains to study the case where 2mi � a for each i and where 2b < a.2C n/.
Remembering that b � an D � � Sn � 0, we find n � b

a
< 2Cn

2
, whence n D 1 and

thus 2b < 3a. We then compute

3 Q� C bKX D .3a� 2b/�
�.Sn/C

rX
iD1

.b � 3mi /Ei ;

which is again not effective, since .3 Q� C bKX / � ��.L/D bKX � ��.L/D�3b < 0
for a general line L � P

2, because b � an D a � 2. This implies that there exists
an integer i such that 3mi > b. Since 2mi � a, we find mi > b � aD � � S1, which
implies (b).

PROPOSITION 3.16
Let C �A

2 be a closed curve, isomorphic to A
1 (over k). The following are equiva-

lent:
(a) The curve C is equivalent to a line.
(b) There exists an open embedding A

2 n C ,! A
2 which does not extend to an

automorphism of A2.
(c) There exists a birational map P

2 ��� P
2 that contracts the curve C (or its

closure) to a k-point (and perhaps contracts some other curves). In this state-
ment A2 is identified with an open subset of P2 via the standard embedding
A
2 ,! P

2.

Proof
The implications (a)) (b) and (a)) (c) can be observed, for example, by taking the
map .x; y/ 7! .x; xy/, which is an open embedding of A2 n ¹x D 0º into A

2, which
does not extend to an automorphism of A2, and whose extension to P

2 contracts the
line x D 0 to a point.

To prove (b)) (c), we take an open embedding ' W A2 nC ,!A
2 which does not

extend to an automorphism of A2 and look at the extension to P
2. By Proposition 2.6,

either this contracts C , or C is equivalent to a line, in which case (c) is true as was
shown earlier.

It remains to prove (c)) (a). We apply Lemma 3.3 and obtain an isomorphism

� W A2
'
�! Fnn.Sn [ Fn/ such that the closure of �.C / in Fn is a curve � which

satisfies one of the two cases (1)–(2) of Lemma 3.3. In case (1), the curve is equivalent
to a line as it is isomorphic to A

1 (equivalence (ii)–(iii) of Lemma 3.3). It remains
to study the case where � satisfies Lemma 3.3(2) (in particular, � � Fn � 2) and to
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show that these, together with (c), yield a contradiction. We prove that there is no
point p 2 Fn.k/ such that 2mp.�/ > � � Fn. Indeed, since � � Fn � 2, such a point
would be a singular point of � , and since � n .Sn [ Fn/D �.C /' C is isomorphic
to A

1, p would be a k-point and the unique k-point of � \ .Sn [ Fn/. Moreover,
as � � Fn � 2, we would find that p 2 Fn. Since 2mp.�/ > � � Fn and because �
satisfies Lemma 3.3(2), the only possibility would be that n D 1, p 2 F1 n S1, and
0 < mp.�/ � � � S1. This contradicts the fact that � \ .S1 [ F1/ contains only one
k-point.

Denote by  0 W P2 ��� P
2 the birational map that contracts C (and maybe some

other curves) to a k-point. Observe that  0 ı ��1 yields a birational map  W Fn ��� P2
which contracts � to a k-point. As there is no point p 2 Fn.k/ such that 2mp.�/ >
� � Fn, Lemma 3.15 implies that nD 1 and that there exists a point p 2 F1.k/ n S1
such that mp.�/ > � �S1. Again, this point is a k-point, since C is isomorphic to A1.
This contradicts Lemma 3.3(2).

Remark 3.17
If k is algebraically closed, then the equivalence between conditions (a) and (c) of
Proposition 3.16 can also be proved using Kodaira dimension. We introduce the fol-
lowing conditions:
(a)0 The Kodaira dimension 
.C;A2/ of C is equal to �1.
(c)0 There exists a birational transformation of P2 that sends C onto a line.
The equivalence between (a) and (a)0 follows from [12, Theorem 2.4(1)] and the
equivalence between (a)0 and (c)0 is Coolidge’s theorem (see, e.g., [19, Theorem 2.6]).
We now recall how the classical equivalence between (c) and (c)0 can be proved. Every
simple quadratic birational transformation of P

2 contracts three lines. This proves
(c)0) (c). To get (c)) (c)0, we take a birational transformation ' of P2 that con-
tracts C to a point and decompose ' as ' D 'r ı � � � ı '1, where each 'i is a simple
quadratic transformation (using the Castelnuovo–Noether factorization theorem). If
i � 1 is the smallest integer such that .'i ı � � � ı '1/.C / is a k-point, then the curve
.'i�1 ı � � � ı '1/.C / is contracted by 'i and is thus a line.

Remark 3.18
If the field k is perfect, then every curve that is geometrically isomorphic to A1

(i.e., over k) is also isomorphic to A
1. This can be seen by embedding the curve

in P
1 and considering the complement point, necessarily defined over k. For non-

perfect fields, there exist closed curves C � A
2 geometrically isomorphic to A

1, but
not isomorphic to A

1 (see [22]). Corollary 3.11 shows that every open embedding
A2 nC ,!A2 extends to an automorphism of A2 for all such curves.
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We can now conclude this section by proving Theorem 1.

Proof of Theorem 1
We recall the hypotheses of the theorem: we have a geometrically irreducible closed

curve C � A
2 and an isomorphism ' W A2 n C

'
�! A

2 nD for some closed curve
C � A

2. Moreover, ' does not extend to an automorphism of A2. We consider the
following three cases.

If C is isomorphic to A
1, then the implication (b)) (a) of Proposition 3.16

shows that C is equivalent to a line, and Lemma 2.12(2) implies that the same holds
for D. In particular, the curves C and D are isomorphic. This achieves the proof of
the theorem in this case.

If C is isomorphic to A
1 n ¹0º, then so is D by Corollary 3.11. This also gives

the result in this case.
It remains to assume that C is not isomorphic to A

1 or to A
1 n ¹0º. Proposi-

tion 3.13 shows that the isomorphism ' W A2 n C
'
�! A

2 nD (not extending to an
automorphism of A

2) is uniquely determined by C , up to left composition by an
automorphism of A2. In particular, there are at most two equivalence classes of curves
of A2 that have complements isomorphic to A

2 n C . Corollary 3.11 gives the exis-
tence of isomorphisms C ' Spec.kŒt; 1

P
�/ and D ' Spec.kŒt; 1

Q
�/ for some square-

free polynomials P;Q 2 kŒt � that have the same number of roots in k and also the
same number of roots in the algebraic closure of k. By replacing k with any field k0

containing k we obtain the result.

Corollaries 1.1, 1.2, and 1.4 are then direct consequences of Theorem 1.

3.5. Automorphisms of complements of curves
Another consequence of Theorem 1 is Corollary 1.3, which we now prove.

Proof of Corollary 1.3
Recall the hypothesis of the corollary: we start with a geometrically irreducible closed
curve C � A

2 not isomorphic to A
1 or A1 n ¹0º. We want to show that Aut.A2;C /

has index at most 2 in Aut.A2 nC/. If '1; '2 are automorphisms of A2 nC which do
not extend to automorphisms of A2, it is enough to show that .'2/�1'1 extends to an
automorphism of A2. This follows from Theorem 1(3).

Remark 3.19
With the assumptions of Corollary 1.3, the group Aut.A2 nC/ is a semidirect product
of the form Aut.A2;C /�Z=2Z if and only if there exists an involutive automorphism
of A2 nC which does not extend to an automorphism of A2.
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COROLLARY 3.20
If k is a perfect field and C �A

2 is a geometrically irreducible closed curve that is
(i) not equivalent to a line,
(ii) not equivalent to a cuspidal curve with equation xm�yn D 0, wherem;n� 2

are coprime integers,
(iii) not geometrically isomorphic to A

1 n ¹0º,
then Aut.A2 nC/ is a zero-dimensional algebraic group and, hence, is finite.

Proof
Conditions (i)–(iii) imply that Aut.A2;C / is a zero-dimensional algebraic group (see
[6, Theorem 2]). If moreover C is not isomorphic to A

1, then Aut.A2 n C/ is also
zero-dimensional by Corollary 1.3. If C is isomorphic to A

1 (but not equivalent to a
line by (i)), then Aut.A2 nC/DAut.A2;C / by Proposition 3.16.

Remark 3.21
Let us make a few comments on the group Aut.A2 nC/ when C �A

2 is a geometri-
cally irreducible closed curve not satisfying the conditions of Corollary 3.20.
(i) If C is equivalent to a line, we may assume without loss of generality that C

is the line x D 0. Then, Aut.A2 nC/ is described in Lemma 2.12.
(ii) If C does not satisfy (ii), we may assume that C has equation xm � yn D 0,

where m;n � 2 are coprime integers. Since the curve C is singular, we
have Aut.A2 n C/ D Aut.A2;C / by Corollary 3.5. Moreover, we have
Aut.A2;C /D ¹.x; y/ 7! .tnx; tmy/ j t 2 k�º by [6, Theorem 2(ii)].

(iii.a) If C is geometrically isomorphic to A
1 n ¹0º, but not isomorphic to A

1 n ¹0º,
then Aut.A2;C / has index 1 or 2 in Aut.A2 nC/ by Corollary 1.3. The group
Aut.A2;C / is then an algebraic group of dimension at most 1 by [6, Theo-
rem 2], so the same holds for Aut.A2 n C/. An example of dimension 1 is
given by the curve of equation x2 C y2 D 1, in the case where kDR (see [6,
Theorem 2(iv)]).

(iii.b) If C is isomorphic to A
1 n ¹0º, we do not have a complete description of

Aut.A2 n C/. The simplest cases where C has equation xmyn � 1, where
m;n� 1 are coprime, can be completely described. In particular, Aut.A2 nC/
contains elements of arbitrarily large degree.

4. Families of nonequivalent embeddings
In this section, we study mainly the curves of A2 given by an equation of the form

a.y/xC b.y/D 0;

where a; b 2 kŒy� are coprime polynomials such that degb < dega. This will lead us
to the proof of Theorem 2.
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These curves already appeared in Lemma 3.3, where we proved, in particular, that
they are isomorphic to A

1 if and only if a.y/ is a constant (Lemma 3.3(i)–3.3(iii)).
Actually, we have the following obvious and stronger result.

LEMMA 4.1
Let C �A

2 be the irreducible curve given by the equation

a.y/xC b.y/D 0;

where a; b 2 kŒy� are coprime polynomials and a is nonzero. Then, the algebra of
regular functions on C is isomorphic to kŒy; 1=a.y/�.

Proof
The algebra of regular functions on C satisfies

kŒC �D kŒx; y�=
�
a.y/xC b.y/

�
' k

�
y;�b.y/=a.y/

�
D k

�
y; 1=a.y/

�
;

where the last equality comes from the fact that there exist c; d 2 kŒy�with ad �bc D
1, which implies that 1

a
D ad�bc

a
D d � c � b

a
2 kŒy; b

a
�.

4.1. A construction using elements of SL2.kŒy�/

LEMMA 4.2
For each matrix . a.y/ b.y/

c.y/ d.y/
/ 2 SL2.kŒy�/, we have an isomorphism

' W A2 nC
'
�!A

2 nD;

.x;y/ 7!
�c.y/xC d.y/
a.y/xC b.y/

; y
�
;

where C;D �A
2 are given by a.y/xCb.y/D 0 and a.y/x�c.y/D 0, respectively.

Proof
Note first that ' is a birational transformation of A

2, with inverse  W .x; y/ 7!
.�b.y/xCd.y/
a.y/x�c.y/

; y/. It remains to prove that the isomorphism '� W k.x; y/! k.x; y/,

x 7! cxCd
axCb

, y 7! y induces an isomorphism kŒx; y; 1
ax�c

�! kŒx; y; 1
axCb

�. This fol-
lows from the equalities

'�.x/D
cxC d

axC b
; '�.y/D y; '�

� 1

ax � c

�
D axC b and

 �.x/D
�bxC d

ax � c
;  �.y/D y;  �

� 1

axC b

�
D ax � c:
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The curves C and D of Lemma 4.2 are always isomorphic thanks to Lemma 4.1.
We now prove that they are in general not equivalent.

LEMMA 4.3
Let C1;C2 �A

2 be two geometrically irreducible closed curves given by

a1.y/xC b1.y/D 0 and a2.y/xC b2.y/D 0;

respectively, for some polynomials a1; a2; b1; b2 2 kŒy� such that dega1 > degb1 � 0
and dega2 > degb2 � 0. Then, the curves C1 and C2 are equivalent if and only if
there exist constants ˛;�;	 2 k� and ˇ 2 k such that

a2.y/D � � a1.˛y C ˇ/; b2.y/D 	 � b1.˛y C ˇ/:

Proof
We first observe that if a2.y/D � � a1.˛yCˇ/ and b2.y/D 	 � b1.˛yCˇ/ for some
˛;�;	 2 k�, ˇ 2 k, then the automorphism .x; y/ 7! . �

	
x;˛y C ˇ/ of A2 sends C2

onto C1.
Conversely, we assume the existence of ' 2 Aut.A2/ that sends C2 onto C1 and

want to find ˛;�;	 2 k�, ˇ 2 k as above. Writing ' as .x; y/ 7! .f .x;y/; g.x;y//

for some polynomials f;g 2 kŒx; y�, we get

	
�
a1.g/f C b1.g/

�
D a2.y/xC b2.y/ (A)

for some 	 2 k�.
(i) If g 2 kŒy�, the fact that kŒf; g�D kŒx; y� implies that gD ˛yC ˇ;f D �xC

s.y/ for some ˛; � 2 k�, ˇ 2 k, and s.y/ 2 kŒy�. This yields a1.g/f C b1.g/ D
a1.g/.�xC s.y//C b1.g/, so that equation (A) gives

a2 D 	� � a1.g/; b2 D 	 �
�
a1.g/s.y/C b1.g/

�
:

This shows, in particular, that dega1 D dega2, whence degb2 < dega1.g/. Since
degb1.g/ < dega1.g/, we find that s D 0 and, thus, that b2 D 	 � b1.g/, as desired.
This concludes the proof, by choosing �D 	� .

(ii) It remains to consider the case where g … kŒy�, which corresponds to
degx.g/� 1. We have degx a1.g/D dega1 �degx.g/ > degb1 �degx.g/D degx b1.g/,
which implies that degx.a1.g/f C b1.g// D deg.a1/ � degx.g/ C degx.f /. Equa-
tion (A) shows that this degree is 1, and since dega1 � 1, we find dega1 D 1.
Similarly, the automorphism sending C1 onto C2 satisfies the same condition, so
dega2 D 1. This implies that b1; b2 2 k�. There thus exist some ˛;�;	 2 k�, ˇ 2 k
such that a2.y/D � � a1.˛y C ˇ/ and b2.y/D 	 � b1.˛y C ˇ/.
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PROPOSITION 4.4
For each polynomial f 2 kŒt � of degree at least 1, there exist two closed curves
C;D � A

2, both isomorphic to Spec.kŒt; 1
f
�/, that are nonequivalent and have

isomorphic complements. Moreover, the set of equivalence classes of the curves C
appearing in such pairs .C;D/ is infinite.

Proof
We choose an irreducible polynomial b 2 kŒt � which does not divide f . For each
n� 1 such that deg.f n/ > 2deg.b/, we then choose two polynomials c; d 2 kŒt � such
that f nd � bc D 1. (This is possible since gcd.f n; b/D 1.) Replacing c; d by c C
f̨ n; d C ˛b, we may moreover assume that deg c < degf n. The curves Cn;Dn �
A
2 given by f .y/nx C b.y/ D 0 and f .y/nx � c.y/ D 0 are both isomorphic to

Spec.kŒt; 1
f n
�/D Spec.kŒt; 1

f
�/ by Lemma 4.1 and have isomorphic complements by

Lemma 4.2. Moreover, as degbc D deg.f nd � 1/ � deg.f n/ > 2deg.b/, we find
that deg c > degb, which implies by Lemma 4.3 that Cn and Dn are not equivalent.
Moreover, the curves Cn are all nonequivalent, again by Lemma 4.3.

4.2. Curves isomorphic to A1 n ¹0º

We consider now families of curves in A
2 of the form xyd C b.y/D 0, for some d �

1 and some polynomial b.y/ 2 kŒy� satisfying b.0/¤ 0. Note that all these curves are
isomorphic to Spec.kŒy; 1

yd
�/D Spec.kŒy; 1

y
�/'A

1 n ¹0º by Lemma 4.1.

LEMMA 4.5
Let d � 1 be an integer, and let b.y/ 2 kŒy� be a polynomial satisfying b.0/¤ 0. We
define Db �A

2 to be the curve given by the equation

xyd C b.y/D 0

and define 'b to be the birational endomorphism of A2 given by

'b.x; y/D
�
xyd C b.y/; y

�
:

Denote by Lx (resp., Ly ) the line in A
2 given by the equation x D 0 (resp., y D 0).

(1) The transformation 'b induces an automorphism of A2 nLy and an isomor-
phism

A
2 n .Ly [Db/

'
�!A

2 n .Ly [Lx/:

(2) Assume now that b has degree at most d � 1, and fix an integer m� 1. Then,
there exists a unique polynomial c 2 kŒy� of degree at most d � 1 satisfying

b.y/� c
�
yb.y/m

�
.mod yd /: (B)

Furthermore, we have c.0/¤ 0.
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(3) Define the birational transformations � and  b;m of A2 by

�.x;y/D .x; xy/ and  b;m D .'c/
�1�m'b:

Then,  b;m induces an isomorphism A
2 nDb

'
�! A

2 nDc whose expression
is

 b;m.x; y/D
�xC �C yf .x;y/
.xyd C b.y//md

; y
�
xyd C b.y/

�m�
;

for some constant � 2 k and some polynomial f 2 kŒx; y� (depending on b
and m).

(4) Fix the polynomial b. All open embeddings A
2 nDb ,! A

2 given by  b;m,
m� 1, are nonequivalent.

Proof
(1) The automorphism .'b/

� of k.x; y/ satisfies

.'b/
�.x/D xyd C b.y/ and .'b/

�.y/D y:

The result follows from the following two equalities:

.'b/
�
�

k
h
x;y;

1

y

i�
D k

h
xyd C b.y/; y;

1

y

i
D k

h
x;y;

1

y

i
and

.'b/
�
�

k
h
x;y;

1

x
;
1

y

i�
D k

h
xyd C b.y/;

1

xyd C b.y/
; y;

1

y

i

D k
h
x;y;

1

y
;

1

xyd C b.y/

i
:

(2) Since b.0/¤ 0, the endomorphism of the algebra kŒy�=.yd / defined by y 7!
yb.y/m is an automorphism. If the inverse automorphism is given by y 7! u.y/, note
that (B) is equivalent to c.y/ � b.u.y// .mod yd /. This uniquely determines the
polynomial c. Finally, replacing x by zero in (B), we get c.0/D b.0/¤ 0.

(3) Since � induces an automorphism of A2 n .Ly [ Lx/, assertion (1) implies

that  induces an isomorphism A
2 n .Ly [Db/

'
�!A

2 n .Ly [Dc/. (This would be
true for any choice of c.) It remains to see that the choice of c which we have made

implies that  extends to an isomorphism A
2 nDb

'
�!A

2 nDc of the desired form.
Since .'c/

�1.x; y/ D .x�c.y/
yd

; y/, �m.x; y/ D .x; xmy/, and  b;m D

.'c/
�1�m'b , we get

 b;m.x; y/D .'c/
�1�m

�
xyd C b.y/; y

�

D
�xyd C b.y/� c.y�/

yd�d
; y�

�
; with �D

�
xyd C b.y/

�m
: (C)
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To show that  b;m has the desired form, we use b.y/� c.yb.y/m/ .mod yd / (equa-
tion (B)), which yields � 2 k such that b.y/� c.yb.y/m/C�yd .mod ydC1/. Since
y� � yb.y/m .mod ydC1/, we get b.y/ � c.y�/ C �yd .mod ydC1/. There is
thus f 2 kŒx; y� such that

xyd C b.y/� c.y�/D yd
�
xC �C yf .x;y/

�
:

This yields the desired form for  b;m and shows that  b;m restricts to the automor-

phism x 7! xC � on Ly and then restricts to an isomorphism A
2 nDb

'
�!A

2 nDc .
(4) It suffices to check that form> n� 1 the birational transformation � D b;nı

. b;m/
�1 of A2 does not correspond to an automorphism of A2. Setting l Dm�n� 1

and denoting by cm and cn the elements of kŒy� associated to b and to the integers m
and n, respectively, we get

� D
�
.'cn/

�1�n'b
�
ı
�
.'cm/

�1�m'b
��1
D .'cn/

�1��l'cm :

The second component of �.x;y/ is thus equal to the second component of
��l'cm.x; y/, which is y

.xydCcm.y//l
2 k.x; y/ n kŒx; y�. This shows that � is not an

automorphism of A2 (and not even an endomorphism) and completes the proof.

Remark 4.6
Note that Lemma 4.5(1) provides an isomorphism A

2n.Ly[Db/
'
�!A

2n.Ly[Lx/

where the reducible curves .Ly [Db/ and .Ly [Lx/ are not isomorphic. Indeed, the
reducible curve .Ly [ Db/ has two connected components (since Ly \ Db D ;),
while the reducible curve .Ly [Lx/ is connected (since Ly \Lx ¤ ;). As noted in
[18], this kind of easy example explains why the complement problem in A

n has only
been formulated for irreducible hypersurfaces.

Remark 4.7
Geometrically, the construction of Lemma 4.5(3) can be interpreted as follows: the
birational morphism 'b W .x; y/ 7! .xyd C b.y/; y/ contracts the line y D 0 to the
point .b.0/; 0/. If d D 1, then 'b just sends the line onto the exceptional divisor of
.b.0/; 0/. If d � 2, then it sends the line onto the exceptional divisor of a point in the
.d � 1/st neighborhood of .b.0/; 0/. The coordinates of these points are determined
by the polynomial b. The fact that �m W .x; y/ 7! .x; xmy/ contracts the line x D 0
implies that  b;m contracts the curve Db given by xyd C b.y/D 0. Moreover, �m

fixes the point .b.0/; 0/, induces a local isomorphism around it, and hence acts on the
set of infinitely near points. This action changes the polynomial b and replaces it by
another one, which is the polynomial c D cb;m provided by Lemma 4.5(2).
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PROPOSITION 4.8
There exists an infinite sequence of curves Ci � A

2, i 2 N, all pairwise nonequiva-
lent, all isomorphic to A

1 n ¹0º, and such that for each i there are infinitely many
open embeddings A2 nCi ,!A

2, up to automorphisms of A2.

Proof
It suffices to choose the curve Ci given by xyiC2 C y C 1, for each i � 2. These
curves are all isomorphic to A

1 n ¹0º by Lemma 4.1 and are pairwise nonequivalent
by Lemma 4.3. The existence of infinitely many open embeddings A2 nCi ,!A

2, up
to automorphisms of A2, is then ensured by Lemma 4.5(4).

One can compute the polynomial c D cb;m provided by Lemma 4.5(2), in terms
of b and m, and find explicit formulas. We obtain, in particular, the following result.

LEMMA 4.9
For each 	 2 k define the curve C	 �A

2 by

xy3C	y2C y C 1D 0:

Then, there exists an isomorphism A
2 nC	

'
�!A

2 nC	�1. In particular, if char.k/D
0, we obtain infinitely many closed curves of A2, pairwise nonequivalent, which have
isomorphic complements.

Proof
The isomorphism between A

2 n C	 and A
2 n C	�1 follows from Lemma 4.5 with

d D 3, mD 1, b D 	y2C y C 1, and c D .	� 1/y2C y C 1.
To get the last statement, we assume that char.k/D 0 and observe that the affine

surfaces A2 nCn are all isomorphic for each n 2 Z. To show that the curves Cn, n 2 Z,
are pairwise nonequivalent, we apply Lemma 4.3: for m;n 2 Z, the curves Cm and
Cn are equivalent only if there exist ˛;�;	 2 k�, ˇ 2 k such that

y3 D � � .˛y C ˇ/3; my2C y C 1D 	 �
�
n.˛y C ˇ/2C .˛y C ˇ/C 1

�
:

The first equality gives ˇ D 0, so that the second one becomes my2 C y C 1D 	 �
.n˛2y2 C ˛y C 1/. We finally obtain 	D 1, ˛ D 1, and thus mD n, as we wanted.

If char.k/D p > 0, then Lemma 4.9 only gives p nonequivalent curves that have
isomorphic complements. We can get more curves by applying Lemma 4.3 to poly-
nomials of higher degree.
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LEMMA 4.10
For each integer n� 1 there exist curves C1; : : : ;Cn �A

2, all isomorphic to A
1 n¹0º,

pairwise nonequivalent, such that all surfaces A2 nC1, : : : , A2 nCn are isomorphic.

Proof
The case where char.k/D 0 is settled by Lemma 4.9 so we may assume that char.k/D
p � 2. Set b.y/ D 1C y and d D pn C 2. For each integer i with 1 � i � n, we
apply Lemma 4.5(2) with mD pi . Hence, there exists a unique polynomial ci 2 kŒy�
of degree at most d � 1 satisfying

b.y/� ci
�
yb.y/p

i �
.mod yd /: (D)

Let Ci �A
2 be the curve given by the equation

xyd C ci .y/D 0:

By Lemma 4.5(3), all surfaces A2 nC1, : : : , A2 nCn are isomorphic to A
2 nD, where

D �A
2 is given by

xyd C b.y/D 0:

It remains to check that C1; : : : ;Cn are pairwise nonequivalent. Assume therefore that
Ci and Cj are equivalent. By Lemma 4.3, there exist ˛;�;	 2 k�, ˇ 2 k such that

yd D � � .˛y C ˇ/d ; cj .y/D 	 � ci .˛y C ˇ/:

The first equality gives ˇD 0, so that we get

cj .y/D 	 � ci .˛y/: (E)

However, by equation (D) we have

1C y � ci .y C y
piC1/ .mod yp

iC2/;

and this equation admits the unique solution

ci D 1C y � y
piC1C (terms of higher order):

(Unicity follows for example again from Lemma 4.5(2).) Hence, looking at equation
(E) modulo y2, we obtain 1Cy D 	.1C˛y/, so that ˛D 	D 1. Equation (E) finally
yields ci D cj , so that the above (partial) computation of ci gives us i D j .

The proof of Theorem 2 is now complete.

Proof of Theorem 2
Part (1) corresponds to Proposition 4.8. Part (2) is given by Lemma 4.9 (char.k/D 0)
and Lemma 4.10 (char.k/ > 0). Part (3) corresponds to Proposition 4.4.
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5. Nonisomorphic curves with isomorphic complements

5.1. A geometric construction
We begin with the following fundamental construction.

PROPOSITION 5.1
For each polynomial P 2 kŒt � of degree d � 3 and each � 2 k with P.�/¤ 0, there
exist two closed curves C;D �A

2 of degree d2�d C1 such that A2 nC and A
2 nD

are isomorphic and such that the following isomorphisms hold:

C ' Spec
�

k
h
t;
1

P

i�
and

D ' Spec
�

k
h
t;
1

Q

i�
; where Q.t/D P

�
�C

1

t

�
� td :

Proof
The polynomial Pd .x; y/ WD P.x

y
/yd 2 kŒx; y� is a homogeneous polynomial of

degree d such that Pd .x; 1/D P.x/. Then let �;�;L;R � P
2 be the curves given

by the equations

� W yd�1z D Pd .x; y/; � W z D 0; L W x D �y; R W y D 0:

By construction, Pd is not divisible by y. Moreover, the two lines L and � satisfy
L \ � D ¹p1; q1º, where p1 D Œ� W 1 W P.�/�, q1 D Œ0 W 0 W 1�, and � does not pass
through p1 or q1.

Note that � � P
2 is a cuspidal rational curve, and note that the point q1 D Œ0 W 0 W

1� 2 P2.k/ has multiplicity d � 1 on � and is therefore the unique singular point of
this curve. (This follows, for example, from the genus formula of a plane curve.) The
situation is then as follows:

� R

L
�

q1

p1

Denote by � W X ! P
2 the birational morphism given by the blowup of p1, q1,

followed by the blowup of the points p2; : : : ; pd�1 and q2; : : : ; qd infinitely near p1
and q1, respectively, and all belonging to the strict transform of � . Denote by Q� , Q�,
QL, QR, E1; : : : ;Ed�1, F1; : : : ;Fd � X the strict transforms of �;�;L;R and of the
exceptional divisors above p1; : : : ; pd�1, q1; : : : ; qd . Consider the tree (which is in
fact a chain)
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B D QL[

d�2[
iD1

Ei [
d[
iD1

Fi :

We now prove that the situation on X is as in the symmetric diagram (F),

(F)

where all curves are isomorphic to P
1 and all intersections indicated are transversal

and consist of exactly one k-point, except for Q� \ Q�, which can be more compli-
cated. (The picture only shows the case where we get three points with transversal
intersection.)

By blowing up the singular point q1 of � once, the strict transform of � becomes
a smooth rational curve having .d � 1/th order contact with the exceptional divi-
sor. The unique point of intersection between the strict transform and the exceptional
divisor corresponds to the direction of the tangent line R. Hence, all points q2; : : : ; qd
belong to the strict transform of the exceptional divisor of q1. This gives the self-
intersections of F1; : : : ;Fd and their configurations, as shown in diagram (F). As p1
is a smooth point of � , the curves E1; : : : ;Ed�1 form a chain of curves, as shown in
diagram (F). The rest of the diagram is checked by looking at the definitions of the
curves �;�;L;R.

We now show the existence of isomorphisms

 1 W X n .B [ Q�/
'
�!A

2 and  2 W X n .B [ Q�/
'
�!A

2

such that C D 1. Q� n .B [ Q�// andD D 2. Q� n .B [ Q�// are of degree d2�d C 1.
We first show that  1 exists. (The case of  2 is similar, as diagram (F) is symmetric.)
We observe that, since � is the blowup of 2d � 1 points defined over k, the Picard
group of X is of rank 2d , over k and over its algebraic closure k. We contract the
curves Fd ; : : : ;F1 and obtain a smooth projective surface Y of Picard rank d (again
over k and k). The configuration of the image of the curves E1; : : : ;Ed�1; QL; Q� is then
depicted in diagram (G) (we omit the curve QR as we will not need it):

0
QL

�2
E1

�2
Ed�3

�1
Ed�1

�2
Ed�2

: : :
1
Q


d2 � d C 1

Q�

(G)

In fact, Y is just the blowup of the points p1; : : : ; pd�1 starting from P
2.
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In order to show that X n .B [ Q�/' Y n . Q�[ QL[ E1 [ � � � [ Ed�2/ is isomor-
phic to A

2, we will construct a birational map O 1 W Y ��� P
2 which restricts to an

isomorphism Y n . Q�[ QL[ E1 [ � � � [ Ed�2/
'
�! P

2 nL for some line L. Let us now
describe this map. Denote by r1 the unique point of Y such that ¹r1º D Q� \ QL in
Y . We blow up r1 and then the point r2 lying on the intersection of the exceptional
curve of r1 and of the strict transform of Q�. For i D 3; : : : ; d , denoting by ri the point
lying on the intersection of the exceptional curve of ri�1 and on the strict transform
of the exceptional curve of r1, we successively blow up ri . We thus obtain a birational
morphism � W Z! Y . The configuration of curves on Z is depicted in diagram (H)
(we again use the same name for a curve on Y and its strict transform on Z; we also
denote by Gi �Z the strict transform of the exceptional divisor of ri ):

�1
Gd

�2
Gd�2

�2
Gd�1

�1
Q


�2
G2

: : :

�1
QL

�d
G1

�2
E2

�2
E1

�1
Ed�1

�2
Ed�2

: : :
d2 � d C 1

Q�

(H)

We can then contract the curves Q�;G2; : : : ;Gd�1; QL;E1; : : : ;Ed�2;G1 and obtain a
birational morphism � W Z! P

2. The image of the target is P2, because it has Picard
rank 1; note also that the image L of Gd is actually a line of P

2 since it has self-
intersection 1. The birational map O 1 W Y ��� P

2 given by O 1 D ���1 is the desired
birational map. The closure C of C �A

2 in P
2 is then equal to the image of Q� by �.

For each contracted curve above, the multiplicity (on C ) at the point where it is
contracted is equal to d for Q�;G2; : : : ;Gd�1, is equal to d �1 for QL;E1; : : : ;Ed�2, and
is equal to .d � 1/2 for G1. Adding the singular point of multiplicity d � 1 of Q� , we
obtain the two sequences of multiplicities .d; : : : ; d„ ƒ‚ …

d�1

/ and ..d �1/2; d � 1; : : : ; d � 1„ ƒ‚ …
d

/.

The self-intersection of C is then

.d2 � d C 1/C .d � 1/ � d2C .d � 1/ � .d � 1/2C
�
.d � 1/2

�2
D .d2 � d C 1/2;

which implies that the curve has degree d2 � d C 1. The case of  2 is similar, since
the diagram (F) is symmetric.

In particular, this construction provides an isomorphism A
2 nC 'A

2 nD, where
C;D � A

2 are closed curves isomorphic to Q� n .B [ Q�/' � n .�[ ¹q1º/ and Q� n
.B [ Q�/ ' � n .� [ L/, respectively, both of degree d2 � d C 1. Since � n ¹q1º
is isomorphic to A1 via t 7! Œt W 1 W Pd .t; 1/� D Œt W 1 W P.t/�, we obtain that C '
� n .�[ ¹q1º/ is isomorphic to Spec.kŒt; 1

P
�/.
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We then take the isomorphism A
1 '
�! � n L D � n ¹Œ� W 1 W 0�º given by t 7!

Œ�t C 1 W t W 0�. The pullback of � \ � corresponds to the zeros of Pd .�t C 1; t/D
tdPd .�C

1
t
; 1/DQ.t/. Hence, D is isomorphic to Spec.kŒt; 1

Q
�/ as desired.

COROLLARY 5.2
For each d � 0 and every choice of distinct points a1; : : : ; ad ; b1; b2 2 P1.k/, there
are two closed curves C;D � A

2 such that A2 n C and A
2 nD are isomorphic and

such that C ' P
1 n ¹a1; : : : ; ad ; b1º and D ' P

1 n ¹a1; : : : ; ad ; b2º.

Proof
The case where d � 2 is obvious: Since PGL2.k/ acts 3-transitively on P

1.k/, we
may take C D D given by the equation x D 0 (resp., xy D 1, x.x � 1/y D 1)
if d D 0 (resp., d D 1, d D 2). Let us now assume that d � 3. Since PGL2.k/
acts transitively on P

1.k/, we may assume without restriction that b1 is the point
at infinity Œ1 W 0�. Therefore, there exist distinct constants 	1; : : : ;	d ; � 2 k such that
a1 D Œ	1 W 1�; : : : ; ad D Œ	d W 1� and b2 D Œ� W 1�. We now apply Proposition 5.1 with
P D

Qd
iD1.t � 	i /. We get two closed curves C;D � A

2 such that A2 n C and
A
2 nD are isomorphic and such that C ' Spec.kŒt; 1

P
�/'A

1 n ¹	1; : : : ;	d º ' P
1 n

¹a1; : : : ; ad ; b1º and D ' Spec.kŒt; 1
Q
�/ ' A

1 n ¹ 1
	1��

; : : : ; 1
	d��

º, where Q.t/ D

P.�C 1
t
/ � td . It remains to observe that D is isomorphic to P

1 n ¹Œ	1 W 1�; : : : ; Œ	d W

1�; Œ� W 1�º via t 7! Œ�t C 1 W t �.

COROLLARY 5.3
If k is infinite and P 2 kŒt � is a polynomial with at least three roots in k, we can find
two curves C;D �A2 that have isomorphic complements such that C is isomorphic
to Spec.kŒt; 1

P
�/, but D is not.

Proof
By Lemma 5.4 below, there exists a constant � in k such that P.�/ ¤ 0 and such
that the curves Spec.kŒt; 1

P
�/ and Spec.kŒt; 1

Q
�/ are not isomorphic. The result now

follows from Proposition 5.1.

LEMMA 5.4
If k is infinite and P 2 kŒt � is a polynomial with at least three roots in k, then for a
general � 2 k, the polynomial Q.t/ D P.�C 1

t
/ � tdeg.P / has the property that the

curves Spec.kŒt; 1
P
�/ and Spec.kŒt; 1

Q
�/ are not isomorphic.

Proof
Let �1; : : : ; �d 2 k be the single roots of P . It suffices to check that for a general �
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there is no automorphism of P1 that sends ¹�1; : : : ; �d ;1º to ¹ 1
�1��

; : : : ; 1
�d��

;1º

or, equivalently, that there is no automorphism that sends ¹�1; : : : ; �d ;1º to
¹�1; : : : ; �d ; �º. But if an automorphism sends ¹�1; : : : ; �d ;1º to ¹�1; : : : ; �d ; �º, it
necessarily belongs to the set A of automorphisms ' such that '�1.¹�1; �2; �3º/ �
¹�1; : : : ; �d ;1º. Since an automorphism of P1 is determined by the image of three
points, the set A has at most 6

�
dC1
3

�
D .d C 1/d.d � 1/ elements. In conclusion, if

� is not of the form '.	/ for some ' 2 A and some 	 2 ¹�1; : : : ; �d ;1º, then no
automorphism of P1 sends ¹�1; : : : ; �d ;1º to ¹�1; : : : ; �d ; �º.

Remark 5.5
If k is a finite field (with at least three elements), then the conclusion of Corollary 5.3
is false for the polynomial P D

Q
˛2k.x � ˛/. Indeed, if C;D � A

2 are two curves
such that C is isomorphic to Spec.kŒt; 1

P
�/ and A2 nC is isomorphic to A2 nD, then

D is isomorphic to Spec.kŒt; 1
Q
�/ for some polynomial Q that has no square factors

and the same number of roots in k and in k as P (Theorem 1(1)). This implies that
Q is equal to 	P for some 	 2 k� and, thus, that C and D are isomorphic. A similar
argument holds for P D

Q
˛2k�.x�˛/ (resp., P D

Q
˛2kn¹0;1º.x�˛/) when the field

has at least four (resp., five) elements, since PGL2.k/ acts 3-transitively on P
1.k/.

COROLLARY 5.6
For each ground field k with more than 27 elements, there exist two geometrically
irreducible closed curves C;D � A

2 of degree 7 which are not isomorphic, but such
that A2 nC and A

2 nD are isomorphic.

Proof
We fix some element � 2 k n ¹0; 1º. For each � 2 k n ¹0; 1; �º, we apply Corollary 5.2
with d D 3, a1 D Œ0 W 1�, a2 D Œ1 W 1�, a3 D Œ� W 1�, b1 D Œ1 W 0�, and b2 D Œ� W 1� and
get two closed curves C;D � A

2 such that A2 n C and A
2 nD are isomorphic and

such that C ' A
1 n ¹0; 1; �º D P

1 n ¹Œ0 W 1�; Œ1 W 1�; Œ� W 1�; Œ1 W 0�º and D ' P
1 n ¹Œ0 W

1�; Œ1 W 1�; Œ� W 1�; Œ� W 1�º. It remains to see that we can find at least one � such that
C and D are not isomorphic. Note that C and D are isomorphic if and only if there
is an element of Aut.P1/ D PGL2.k/ that sends ¹Œ0 W 1�; Œ1 W 1�; Œ� W 1�; Œ� W 1�º onto
¹Œ0 W 1�; Œ1 W 1�; Œ� W 1�; Œ1 W 0�º. The image of this element is determined by the image
of Œ0 W 1�; Œ1 W 1�; Œ� W 1�, so we have at most 24 automorphisms to avoid and, hence, at
most 24 elements of k n ¹0; 1; �º to avoid. Since the field k has at least 28 elements,
we find at least one � with the desired property.

We can now prove Theorem 3.
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Proof of Theorem 3
If the field is infinite (or simply has more than 27 elements), the theorem follows
from Corollary 5.6. Let us therefore assume that k is a finite field. We again apply
Proposition 5.1 (with �D 0). Therefore, if jkj> 2 (resp., jkj D 2), it suffices to give a
polynomial P 2 kŒt � of degree 3 (resp., 4) such that P.0/¤ 0 and such that if we set
Q WD P.1

t
/tdegP , then the k-algebras kŒt; 1

P
� and kŒt; 1

Q
� are not isomorphic.

We begin with the case where the characteristic of k is odd. Then, the kernel of
the morphism of groups k� ! k�, x 7! x2 is equal to ¹�1; 1º, so that this map is
not surjective. Let us pick an element ˛ 2 k� n .k�/2. Let us check that we can take
P D .t � 1/..t � 1/2 � ˛/. Indeed, up to a multiplicative constant, we have Q D
.t � 1/..t � 1/2 � ˛t2/. Let us assume by contradiction that the algebras kŒt; 1

P
� and

kŒt; 1
Q
� are isomorphic. Then, these algebras would still be isomorphic if we replaced

P and Q by

QP D P.t C 1/D t .t2 � ˛/ and QQDQ.t C 1/D t
�
t2 � ˛.t C 1/2

�
:

This would produce an automorphism of P1, via the embedding t 7! Œt W 1�, which
sends the polynomial uv.u2 � ˛v2/ onto a multiple of uv.u2 � ˛.u C v/2/. This
automorphism preserves the set of k-roots ¹Œ0 W 1�; Œ1 W 0�º and is of the form either
Œu W v� 7! Œ	u W v� or Œu W v� 7! Œ	v W u� where 	 2 k�. The polynomial u2 � ˛v2 must
be sent to a multiple of u2 � ˛.uC v/2, which is not possible, because of the term
uv.

We now treat the case where k has characteristic 2. We divide it into three cases,
depending on whether the cube homomorphism of groups k�! k�, x 7! x3 is sur-
jective or not (which corresponds to asking that jkj not be a power of 4) and setting
aside the field with two elements.

If the cube homomorphism is not surjective, we can pick an element ˛ 2 k� n
.k�/3. We may take the irreducible polynomial P D t3�˛ 2 kŒt �. Indeed, up to a mul-
tiplicative constant, we haveQD t3�˛�1. Assume by contradiction that the algebras
kŒt; 1

P
� and kŒt; 1

Q
� are isomorphic. Then, there should exist constants �;	; c 2 k with

�c ¤ 0 such that

c.t3 � ˛�1/D .�t C	/3 � ˛:

This gives us 	 D 0 and �3 D c D ˛2. Since the square homomorphism of groups
k�! k�, x 7! x2 is bijective, there is a unique square root for each element of k�.
Taking the square root of the equality ˛2 D �3, we obtain ˛ D .
/3, where 
 is the
square root of �. This is impossible since ˛ was chosen not to be a cube.

If the cube homomorphism is surjective, then 1 is the only root of t3 � 1 D
.t � 1/.t2 C t C 1/, so t2 C t C 1 2 kŒt � is irreducible. If moreover k has more than
two elements, we can choose ˛ 2 k n ¹0; 1º and take P D .t � ˛/.t2 C t C 1/. Up
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to a multiplicative constant, we have Q D .t � ˛�1/.t2 C t C 1/. Let us assume
by contradiction that the algebras kŒt; 1

P
� and kŒt; 1

Q
� are isomorphic. Then, these

algebras would still be isomorphic if we replaced P and Q by

QP D P.t C ˛/D t .t2C t C ˛2C ˛C 1/ and

QQDQ.t C ˛�1/D t .t2C t C ˛�2C ˛�1C 1/:

This would yield an automorphism of P1, via the embedding t 7! Œt W 1�, which sends
the polynomial uv.u2 C uv C .˛2 C ˛ C 1/v2/ onto a multiple of uv.u2 C uv C
.˛�2C˛�1C1/v2/. The same argument as before gives ˛2C˛C1D ˛�2C˛�1C1,
that is, ˛2C ˛C 1D ˛�2.˛2C ˛C 1/. This is impossible since ˛2C ˛C 1¤ 0 and
˛2 ¤ 1.

The last case is that in which kD ¹0; 1º is the field with two elements. Here the
construction does not work with polynomials of degree 3: the only ones which are not
symmetric and do not vanish at 0 are t3C t2C1 and t3C tC1, and they are equivalent
via t 7! tC1. We then choose forP the irreducible polynomialP D t4C tC1. (It has
no root and is not equal to .t2C t C 1/2 D t4C t2C 1.) This gives QD t4C t3C 1.
Let us assume by contradiction that the algebras kŒt; 1

P
� and kŒt; 1

Q
� are isomorphic.

Then, there would exist constants �;	; c 2 k such that �c ¤ 0 and

c.t4C t3C 1/D .�t C	/4C .�t C	/C 1:

This is impossible since .�tC	/4C .�t C	/C1D �4t4C�t C .	4C	C1/.

5.2. Finding explicit formulas

To obtain the equations of the curves C;D and the isomorphism A
2 nC

'
�!A

2 nD

given by Proposition 5.1, we could follow the construction and explicitly compute the
birational maps described: The proposition establishes the existence of isomorphisms

 1 W X n .B [ Q�/
'
�!A

2 and  2 W X n .B [ Q�/
'
�!A

2

such that C D  1. Q� n .B [ Q�// and D D  2. Q� n .B [ Q�// are of degree d2 �
d C 1, where B D QL [

Sd�2
iD1 Ei [

Sd
iD1Fi , and  1; 2 are given by blowups and

blowdowns, so it is possible to compute  i��1 W P2 ��� P2 with formulas (looking at

the linear systems) and then to get the isomorphism 2�
�1 ı. 1�

�1/�1 W A2 nC
'
�!

A
2 nD. However, the formulas for  1��1; 2��1 are complicated.

Another possibility is the following: we choose a birational morphism X !W

that contracts QL;E1; : : : ;Ed�2 and Fd ; : : : ;F2 to two smooth points of W , passing
through the image of F1 (this is possible; see diagram (F)). The situation of the image
of the curves QR;Ed�1;F1; Q�; Q� (which we again denote by the same name) in W is
as follows:
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d � 2

0 0

Q
 Q�

d d

Ed�1
F1

QR

Computing the dimension of the Picard group, we find that W is a Hirzebruch sur-
face. Hence, the curves Ed�1; QR are fibers of a P

1-bundle W ! P
1 and F1; Q�; Q� are

sections of self-intersection d � 2;d; d . We can then find many examples in F1 and
F0 (depending on the parity of d ), but also in Fm for m� 2 if the polynomial chosen
at the outset is special enough.

The case where d D 3 corresponds to curves of degree 7 in A
2 (Proposition 5.1),

which is the first interesting case, as it gives nonisomorphic curves for almost every
field (Theorem 3). When d D 3, we find that F1 is a section of self-intersection 1
in W D F1, so F1 n F1 is isomorphic to the blowup of A

2 at one point, and Q�; Q�
are sections of self-intersection 3 and are thus strict transforms of parabolas passing
through the point blown up. This explains how the following result is derived from
Proposition 5.1. However, the statement and the proof that we give are independent
of the latter proposition.

PROPOSITION 5.7
Let us fix some constants a0; a1; a2; a3 2 k with a0a3 ¤ 0, and consider the two irre-
ducible polynomials P;Q 2 kŒx; y� of degree 2 given by

P D x2 � a2x � a3y and QD y2C a0xC a1y:

(1) Denote by � W OA2! A
2 the blowup of the origin, and denote by Q�; Q� � OA2

the strict transforms of the curves �;� � A2 given by P D 0 and Q D 0,
respectively. The rational maps

'P W A
2 ���A2;

.x; y/ 7!
�
�

x

P.x;y/
;P.x;y/

�
and

'Q W A
2 ���A2;

.x; y/ 7!
� y

Q.x;y/
;Q.x;y/

�

are birational maps that induce isomorphisms

 P D .'P �/j OA2n Q� W
OA2 n Q�

'
�!A

2 and

 Q D .'Q�/j OA2n Q
 W
OA2 n Q�

'
�!A

2:
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(2) Define the curvesC;D �A
2 byC D Q. Q� n Q�/,D D P . Q�n Q�/, and denote

by  W A2 n C
'
�! A

2 nD the isomorphism induced by the birational trans-
formation  P . Q/�1 W A2 ��� A

2. Then, the curves C;D � A
2 are given

by f D 0 and g D 0, respectively, where the polynomials f;g 2 kŒx; y� are
defined by

f D
�
1� x.xy C a1/

��
y
�
1� x.xy C a1/

�
� a0a2

�
� x.a0/

2a3;

gD
�
1� x.xy C a2/

��
y
�
1� x.xy C a2/

�
� a1a3

�
� xa0.a3/

2:

The following isomorphisms hold:

C ' Spec
�

k
h
t;

1P3
iD0 ai t

i

i�
and D ' Spec

�
k
h
t;

1P3
iD0 a3�i t

i

i�
:

Moreover,  and  �1 are given by

 W .x; y/ 7!
�a0.x.xy C a1/� 1/

f .x;y/
;
yf .x;y/

.a0/2

�
;

�a3.x.xy C a2/� 1/
g.x;y/

;
yg.x;y/

.a3/2

�
7!.x; y/:

Proof
(1) Let us first prove that 'P is birational and that 'P � induces an isomorphism
OA2 n Q�

'
�! A

2. We observe that 
 W .x; y/ 7! .x; x2 � a2x � a3y/ is an automor-
phism of A2 that sends � onto the line Ly �A

2 of equation y D 0. Moreover, Q'P D
'P 


�1 W .x; y/ 7! .�x
y
; y/ is birational, so 'P is birational. Since 
 fixes the origin,

��1
� is an automorphism of OA2 that sends Q� onto the strict transform QLy � OA2 of

Ly . The fact that Q'P � induces an isomorphism OA2 n QLy
'
�! A

2 is straightforward
using the classical description of the blowup OA2 in which

OA2 D
®�
.x; y/; Œu W v�

�
j xvD yu

¯
�A

2 � P1

and � W OA2!A
2 is the first projection. Actually, with this description QLy DLy � Œ1 W

0� is given by the equation v D 0, and the following morphisms are inverses of each
other:

OA2 n QLy!A
2;

�
.x; y/; Œu W v�

�
7!
�
�
u

v
;y
�
;

A
2! OA2 n QLy ; .x; y/ 7!

�
.�xy;y/; Œ�x W 1�

�
:

It follows that . Q'P �/.��1
�/ D 'P � induces an isomorphism OA2 n Q�
'
�! A

2. The
case of 'Q and 'Q� would be treated similarly, using the automorphism of A2 given
by .x; y/ 7! .y2C a0xC a1y;y/. This proves (1).
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(2) Now that (1) is proved, we get two isomorphisms

 P jU W U
'
�!A

2 nD;  QjU W U
'
�!A

2 nC;

where U D OA2 n . Q� [ Q�/. Remembering that � � A
2 is given by x.x � a2/D a3y,

we have an isomorphism

� W A1
'
�! �;

t 7!
�
ta3C a2; t .ta3C a2/

�
;

1

a3
.x � a2/ 7!.x; y/:

Replacing �.t/ in the polynomial Q.x;y/D xa0 C ya1 C y2 used to define �, we
find

Q
�
ta3C a2; t .ta3C a2/

�
D .ta3C a2/.t

3a3C t
2a2C ta1C a0/:

The root of ta3C a2 is sent by � to the origin, which is itself blown up by �. Hence,
the map ��1� induces an isomorphism from V D Spec.kŒt; 1P3

iD0 t
iai
�/�A

1 to Q� n Q�.

Applying  Q D .'Q�/j OA2n Q
, we get an isomorphism � D .'Q�/jV W V
'
�! C . Since

.'Q/
�1 is given by

.'Q/
�1 W .x; y/ 7!

�y.1� x.xy C a1//
a0

; xy
�
;

we can explicitly give � and its inverse

� W Spec
�

k
h
t;

1P3
iD0 t

iai

i�
'
�! C;

t 7!
� tP3

iD0 t
iai
; .ta3C a2/

� 3X
iD0

t iai

��
;

1

a3

�y.1� x.xy � a1//
a0

� a2

�
7!.x; y/:

Computing the extension of � to a morphism P
1 ! P

2, we see that the curve
C � A

2 has degree 7. To find its equation, we can compute ..'Q/�1/�.P /: since
.a0/

2P.x;y/D .a0x/.a0x � a0a2/� .a0/
2a3y, we get

.a0/
2
�
.'Q/

�1
��
.P /

D .a0/
2P
�y.1� x.xy C a1//

a0
; xy

�
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D y
�
1� x.xy C a1/

��
y
�
1� x.xy C a1/

�
� a0a2

�
� xy.a0/

2a3

D yf .x;y/;

where

f D
�
1� x.xy C a1/

��
y
�
1� x.xy C a1/

�
� a0a2

�
� x.a0/

2a3 2 kŒx; y�

is the equation of C . (Note that the polynomial y D 0 appears here, because it cor-
responds to the line contracted by . Q/�1, corresponding to the exceptional divi-
sor of OA2 ! A

2 via the isomorphism A
2 ! OA2 n O�.) The linear involution of A

2

given by .x; y/ 7! .�y;�x/ exchanges the polynomials P and Q and the maps 'P
and 'Q, by replacing a0; a1; a2; a3 by a3; a2; a1; a0, respectively. This shows that
D � A

2 has equation g D 0, where g is obtained from f on replacing a0; a1; a2; a3
by a3; a2; a1; a0; that is,

gD
�
1� x.xy C a2/

��
y
�
1� x.xy C a2/

�
� a1a3

�
� xa0.a3/

2 2 kŒx; y�:

Therefore, D is isomorphic to Spec.kŒt; 1P3
iD0 ˛3�i t

i
�/. It remains to compute the iso-

morphism  W A2 n C ! A
2 n D, which is by construction equal to the birational

maps  P . Q/�1 D 'P .'Q/�1. Using the equation .a0/2P.
y.1�x.xyCa1//

a0
; xy/ D

yf .x;y/, we get

 .x;y/D 'P

�y.1� x.xy C a1//
a0

; xy
�

D
�
�

y.1� x.xy C a1//

a0P.
y.1�x.xyCa1//

a0
; xy/

;P
�y.1� x.xy C a1//

a0
; xy

��

D
�a0.x.xy C a1/� 1/

f .x;y/
;
yf .x;y/

.a0/2

�
:

By symmetry, the expression of  �1 is obtained from that of  by replacing
a0; a1; a2; a3 by a3; a2; a1; a0, that is, it is given by  �1.x; y/ D .a3.x.xyCa2/�1/

g.x;y/
;

yg.x;y/

.a3/2
/.

Remark 5.8
Proposition 5.7 yields an isomorphism  � W kŒx; y; 1

g
�
'
�! kŒx; y; 1

f
� which sends the

invertible elements onto the invertible elements and thus sends g onto �f ˙1 for some
� 2 k� (see Lemma 2.11). This corresponds to saying that  induces an isomorphism
between the two fibrations

A
2 nC

f
!A

1 n ¹0º and A
2 nD

g
!A

1 n ¹0º;
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possibly exchanging the fibers. To study these fibrations, we use the equalities

.'Q/
�.f /D

.a0/
2P

Q
; .'P /

�.g/D
.a3/

2Q

P
; (I)

which can either be checked directly or deduced as follows: the first equality fol-
lows from ..'Q/

�1/�.P /D yf .x;y/

.a0/2
, applying .'Q/�, and the second is obtained by

symmetry.

Note that equation (I) provides  �.g/D .a0a3/
2

f
, since  D 'P .'Q/�1.

For each 	 2 k, the fiber C	 � A
2 given by f .x;y/D 	 is an algebraic curve

isomorphic to its preimage by the isomorphism Q D .'Q�/j OA2n Q
 W
OA2n Q�

'
�!A

2 of

Proposition 5.7(1). By construction, . Q/�1.C	/ is equal to Q�	 n Q�, where Q�	 � OA2

is the strict transform of the curve �	 � A
2 given by .a0/2P � 	Q D 0 (which

follows from equation (I)). The closure of �	 in P
2 is the conic given by

.a0/
2x2 �	y2 � z

�
a0.	C a0a2/x �

�
	a1C .a0/

2a3
�
y
�
D 0;

which passes through Œ0 W 0 W 1� and is irreducible for a general 	. Projecting from
the point Œ0 W 0 W 1� we obtain an isomorphism with P1 (still for a general 	). The
curve Q�	 n Q� is then isomorphic to P

1 minus three k-points of Q�, which are fixed
and do not depend on 	, and minus the two points at infinity, which correspond to
.a0/

2x2 �	y2 D 0.
When the field is algebraically closed, we thus find that the general fibers of f

are isomorphic to P1 minus five points, whereas the zero fiber is isomorphic to P1

minus four points (if
P3
iD0 ai t

i is chosen to have three distinct roots). Moreover, the
two points of intersection with the line at infinity say that this curve is a horizontal
curve of degree 2 or a horizontal curve which is not a section (in the usual notation
of polynomials and components on boundary, see [2], [8], [20]), so the polynomials
f and g are rational, but not of simple type (see [8], [20]). When kDC, this implies
that the polynomial has nontrivial monodromy (see [3, Corollary 2, page 320]).

6. Related questions

6.1. Higher-dimensional counterexamples
The negative answer to the complement problem for nD 2 also furnishes a negative
answer for any n � 3. This relies mainly on the cancellation property for curves, as
explained in the following result.

PROPOSITION 6.1
Let C;D � A

2 be two closed geometrically irreducible curves that have isomorphic
complements. Then for each m� 1, the varieties HC D C �Am and HD DD �Am
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are closed hypersurfaces of A2 � A
m D A

mC2 that have isomorphic complements.
Moreover, C and D are isomorphic if and only if C �Am and D �Am are.

Proof
Denote by f;g 2 kŒx; y� the geometrically irreducible polynomials that define the
curves C;D. The varietiesHC ;HD �A

2�Am DA
mC2 are given by the same poly-

nomials and are thus again geometrically irreducible closed hypersurfaces. The iso-

morphism A
2 n C

'
�! A

2 n D then extends naturally to an isomorphism A
mC2 n

HC
'
�! A

mC2 nHD . The last equivalence is the well-known cancellation property
for curves, proved in [1, Corollary (3.4)].

COROLLARY 6.2
For each ground field k and each integer n � 3, there exist two geometrically irre-
ducible smooth closed hypersurfacesE;F �A

n which are not isomorphic, but whose
complements An nE and A

n nF are isomorphic. Furthermore, the hypersurfaces can
be given by polynomials f;g 2 kŒx1; x2�� kŒx1; : : : ; xn� of degree 7 if the field admits
more than 2 elements and of degree 13 if the field has 2 elements. The hypersurfaces
E;F are isomorphic to C � A

n�2 and D � A
n�2 for some smooth closed curves

C;D �A
2 of the same degree.

Proof
It suffices to choose for f;g the equations of the curves C;D � A

2 given by Theo-
rem 3. The result then follows from Proposition 6.1.

6.2. The holomorphic case

PROPOSITION 6.3
For every choice of d C 1 distinct points a1; : : : ; ad ; adC1 2 C, with d � 3, there
exist two closed algebraic curves C;D �C

2 of degree d2�d C1 such that C andD
are algebraically isomorphic to Cn¹a1; : : : ; ad�1; ad º and Cn¹a1; : : : ; ad�1; adC1º,
respectively, and such that C2 nC and C

2 nD are algebraically isomorphic. In par-
ticular, if we choose the points in general position, then the curves C and D are not
biholomorphic, but their complements are.

Proof
The existence of C;D follows directly from Proposition 5.1. It remains to observe that
C and D are not biholomorphic if the points are in general position. If f W C !D

is a biholomorphism, then f extends to a holomorphic map CP
1! CP

1, as it can-
not have essential singularities. The same holds for f �1, so f is just an element
of PGL2.C/ and, hence, an algebraic automorphism of the projective complex line.
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Removing at least four points of CP1 (this is the case since d � 3) and moving one
of them produces infinitely many curves with isomorphic complements, up to biholo-
morphism.

COROLLARY 6.4
For each n � 2, there exist algebraic hypersurfaces E;F � C

n which are complex
manifolds that are not biholomorphic, but have biholomorphic complements.

Proof
It suffices to take polynomials f;g 2 CŒx1; x2� provided by Proposition 6.3, whose
zero sets are smooth algebraic curves C;D �C

2 that are not biholomorphic, but have
holomorphic complements. We then use the same polynomials to define E;F � C

n,
which are smooth complex manifolds that have biholomorphic complements and are
biholomorphic to C � C

n�2 and D � C
n�2, respectively. It remains to observe that

C �Cn�2 and D�Cn�2 are not biholomorphic. Denote by pC W C �Cn�2! C and
pD W D � C

n�2!D the projections on the first factor. If  W Cn�2 � C ! C
n�2 �

D is a biholomorphism, then pD ı  W Cn�2 � C ! D induces, for each c 2 C ,
a holomorphic map Cn�2!D which must be constant by Picard’s theorem (since
it avoids at least two values of C). Therefore, the map pD ı  factors through a
holomorphic map � W C ! D: we have pD ı ' D � ı pC . We analogously get a
holomorphic map � W D! C , which is by construction the inverse of �, so C and D
are biholomorphic, a contradiction.

Appendix. The case of P2

In this appendix, we describe some results on the question of complements of curves
in P

2 explained in the Introduction. These are not directly related to the rest of the
text and serve only as comparisons with the affine case.

We recall the following simple argument, known to specialists, for lack of refer-
ence.

PROPOSITION A.1
Let C;D � P

2 be two geometrically irreducible closed curves such that P2 n C and
P2 nD are isomorphic. If C and D are not equivalent, up to automorphism of P2,
then C and D are singular rational curves.

Proof
Denote by ' W P2 ��� P

2 a birational map which restricts to an isomorphism P
2 n

C
'
�! P

2 nD. If ' is an automorphism of P2, then C and D are equivalent. Other-
wise, the same argument as in Proposition 2.6 shows that both C and D are rational.
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(This also follows from [4, Lemma 2.2].) If C and D are singular, we are done, so
we may assume that one of them is smooth and then has degree 1 or 2. Since the
Picard group of P2 n C is Z=deg.C /Z, we find that C and D have the same degree.
This implies that C and D are equivalent under automorphisms of P2. The case of
lines is obvious. For conics, it is enough to check that a rational conic over any field
is necessarily equivalent to the conic of equation xy C z2 D 0. Actually, we may
always assume that the rational conic contains the point Œ1 W 0 W 0�, since it contains
a rational point. We may furthermore assume that the tangent at this point has equa-
tion y D 0. This means that the equation of the conic is of the form xy C u.y; z/,
where u is a homogenous polynomial of degree 2. Using a change of variables of the
form .x; y; z/ 7! .x C ay C bz;y; z/, where a; b 2 k, we may assume that the equa-
tion is of the form xy C cz2 D 0, where c 2 k�. Then, using the change of variables
.x; y; z/ 7! .cx;y; z/, we finally get, as announced, the equation xy C z2 D 0.

In order to get families of (singular) curves in P
2 that have isomorphic comple-

ments, we here give explicit equations from the construction of Paolo Costa in [10].
We thus obtain unicuspidal curves in P

2 which have isomorphic complements, but
which are nonequivalent under the action of Aut.P2/. We give the details of the proof
for self-containedness and also because the results below are not explicitly stated
in [10].

LEMMA A.2
Let k be a field. Let d � 1 be an integer, and let P 2 kŒx; y� be a homogenous poly-
nomial of degree d , not a multiple of y. We define the homogeneous polynomial
fP 2 kŒx; y; z� of degree 4d C 1 by the following formula, where w WD xz � y2:

fP D zw
2d C 2ywdP.x2;w/C xP 2.x2;w/:

Denote by CP ;L;Q� P
2 the curves of equations fP D 0, z D 0, and wD 0, respec-

tively, and denote by VP ; VL; VQ �A
3 their corresponding cones (given by the same

equations). Then:
(1) The polynomial fP is geometrically irreducible (i.e., irreducible in kŒx; y; z�/.
(2) The rational map  P W A3 ���A3 which sends .x; y; z/ to

�
x;y C xP.x2w�1; 1/; zC 2yP.x2w�1; 1/C xP 2.x2w�1; 1/

�

is a birational map of A3 that restricts to isomorphisms

A
3 n VQ

'
�!A

3 n VQ; VP n VQ
'
�! VL n VQ; and

A
3 n .VQ [ VP /

'
�!A

3 n .VQ [ VL/:
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Since  P is homogeneous, the same formula induces a birational map of P2

that restricts to isomorphisms

P
2 nQ '

�! P
2 nQ; CP nQ

'
�! L nQ; and

P
2 n .Q[CP /

'
�! P

2 n .Q[L/:

Since the point Œ0 W 0 W 1� is the unique intersection point between CP and Q,
it is also the unique singular point of CP .

(3) Let � be a nonzero element of k. Then, the rational map

'� W .x; y; z/ 7!
�
xC .�� 1/wz�1; y; z

�
D
�
�x � .�� 1/y2z�1; y; z

�

is a birational map of A3 that restricts to automorphisms of A3 nVL, VQ nVL,
and A

3 n .VL [ VQ/. The same formula then gives automorphisms of P2 n L,
Q nL, and P

2 n .L[Q/.
(4) Set QP .x;y/ D P.�x;y/ and 
 D . QP /

�1'� P . Then, the rational map 


restricts to an isomorphism A3 nVP
'
�!A3 nV QP . In particular, 
 also induces

an isomorphism P
2 nCP

'
�! P

2 nC QP .
(5) For each homogeneous polynomial QP 2 kŒx; y� of degree d which is not divis-

ible by y, the curves CP and C QP are equivalent up to automorphisms of P2 if
and only if there exist some constants � 2 k�;	 2 k such that

QP .x;y/D �P.�2x;y/C	yd :

Proof
(1)–(2) As does each rational map A

3 ��� A
3, the rational map  P supplies a mor-

phism of k-algebras . P /� W kŒx; y; z�! k.x; y; z/. This sends x;y; z onto x;y C
xP.x2w�1; 1/; z C 2yP.x2w�1; 1/C xP 2.x2w�1; 1/. Note that . P /� fixes x and
w. This implies that . P /� extends to an endomorphism of kŒx; y; z;w�1�, which
is moreover an automorphism since . P /� ı . �P /� D id. Extending to the quo-
tient field k.x; y; z/, we get an automorphism of k.x; y; z/, which we again denote
by . P /�, so  P is a birational map of A3 and moreover induces an isomorphism
of A3 n VQ, because . P /�.kŒx; y; z;w�1�/D kŒx; y; z;w�1�. We then observe that
. P /

�.z/D fPw
�2d , where fP and w D xz � y2 are coprime since fP .1; 0; 0/D

P 2.1; 0/¤ 0. Let us also note that VP \ VQ D ¹.x; y; z/ 2 A3 j x D y D 0º and that
VL \ VQ D ¹.x; y; z/ 2 A

3 j y D z D 0º. Hence,  P restricts to an isomorphism of

surfaces VP nVQ
'
�! VL nVQ. This implies that VP and CP are rational and that fP

is geometrically irreducible, which proves (1). This also implies that  P restricts to

an isomorphism A
3 n .VQ [ VP /

'
�! A

3 n .VQ [ VL/. As  P is homogeneous, we
get the analogous results by replacing A

3; VP ; VL; VQ by P
2;CP ;L;Q, respectively.
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(3) We check that '� ı'��1 D id, so '� is a birational map of A3, which restricts
to an automorphism of A3 n VL, since the denominators only involve z. Moreover,
.'�/

�.w/ D �w (where .'�/� is the automorphism of k.x; y; z/ corresponding to
'�), so the surface VQ n VL is preserved; hence, '� restricts to automorphisms of
A
3 n VL, VQ n VL, and A

3 n .VL [ VQ/. Since '� is homogeneous, the same formula
then gives automorphisms of P2 nL, Q nL, and P

2 n .L[Q/.
(4) By (2)–(3), the transformation 
 D . QP /

�1'� P restricts to an isomorphism

A
3 n .VQ [ VP /

'
�! A

3 n .VQ [ V QP /. Let us prove that, with the special choice of
QP that we have made, 
 then restricts to an isomorphism A

3 n VP
'
�! A

3 n V QP . For
this, we prove that the restriction of 
 is the identity automorphism on VQ n VP D
VQ n V QP D VQ n ¹.x; y; z/ 2A

3 j x D y D 0º. We compute

'� P .x; y; z/D
�
xC .�� 1/w2dC1f �1P ; y C xP.x2;w/w�d ; fPw

�2d
�
;

which satisfies .'� P /�.w/D .'�/�.w/D �w. To simplify the notation, we write
ıD .�� 1/w2dC1f �1P and get that 
.x;y; z/D . QP /

�1'� P .x; y; z/ is equal to
�
xC ı; y C xP.x2;w/w�d � .xC ı/ QP

�
��1.xC ı/2w�1; 1

�
; zC �

�

for some � 2 k.x; y; z/. Since QP .x;y/D P.�x;y/, the second component is


�.y/D y C
xP.x2;w/�P..xC ı/2;w/.xC ı/

wd
:

As wdC1 divides the numerator of ı, we can write 
�.y/ as yCw.fP /�nR, for some
R 2 kŒx; y; z� and n� 0. Similarly, 
�.x/D xCwf �1P S , where S 2 kŒx; y; z�. Since

�.w/D �w, we get

�wD .xCwf �1P S/.zC �/� .y Cwf �nP R/2;

which shows that �.xCwf �1P S/Dwf � QmP
QT for some QT 2 kŒx; y; z�, Qm� 0. Hence,

we can write 
�.z/ D z C � D z C wf �mP T for some T 2 kŒx; y; z� and m � 0.
This shows that 
 is well defined on VQ n VP D VQ n V QP D VQ n ¹.x; y; z/ 2 A

3 j

x D y D 0º and restricts to the identity on this surface. Since 
 is homogeneous,

the isomorphism A
3 n VP

'
�! A

3 n V QP also induces an isomorphism P
2 n CP

'
�!

P
2 nC QP , which fixes pointwise the curve Q nCP DQ nC QP .

(5) Suppose first that QP .x;y/ D �P.�2x;y/ C 	yd for some � 2 k�;	 2 k.
Define the transformation ˛ 2GL3.k/ by

˛.x;y; z/D .x; �y �	x;�2z � 2�	y C	2x/;

and define the birational transformation s 2 Bir.A3/ by s D QP˛. P /
�1. Let us note

that s� D . �P /
�1˛� �

QP
. We check that ˛�.w/D �2w, from which we get s�.w/D

�2w. The equality
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˛�
�
 �QP
.y/
�
D ˛�

�
y C x QP .x2w�1; 1/

�
D �y �	xC x QP .��2x2w�1; 1/

D �y C �xP.x2w�1; 1/D � �P .y/

gives us s�.y/ D �y. The relation z D x�1.w � y2/ combined with the equality
s�.x/ D x now proves that s�.z/ D �2z. But we have . P /�.z/ D fPw�2d and
. QP /

�.z/D f QPw
�2d , so that we get ˛�.f QPw

�2d /D �2fPw
�2d . In turn, this latter

equality yields

˛�.f QP /D �
4dC2fP :

This shows that ˛ induces an automorphism of P2 sending CP onto C QP .
Conversely, suppose that there exists � 2Aut.P2/ sendingCP onto C QP . We begin

by proving that � preserves the conic Q. Since CP n Q ' C QP n Q ' L n Q ' A
1,

the irreducible conic Q � P
2 intersects CP (resp., C QP ) in exactly one k-point, the

unique singular point Œ0 W 0 W 1� of CP (resp., C QP ). The irreducible conic �.Q/ thus
also intersects C QP in one k-point, namely, Œ0 W 0 W 1�. Observe that this implies that
�.Q/DQ. We first note that C QP n ¹Œ0 W 0 W 1�º ' A

1, so there is one k-point at each
step of the resolution of C QP . We can then write q1 D Œ0 W 0 W 1� and define a sequence
of points .qi /i�1 such that qi is the point infinitely near qi�1 belonging to the strict
transform of C QP , for each i � 2. Denote by r the biggest integer such that qr belongs
to the strict transform of Q, and denote by r 0 the biggest integer such that qr 0 belongs
to the strict transform of �.Q/. By Bézout’s theorem (since Q and �.Q/ are smooth),
we have

rX
iD1

mqi .C QP /D deg.Q/deg.C QP /D deg
�
�.Q/

�
deg.C QP /D

r 0X
iD1

mqi .C QP /;

which yields r D r 0. On the blowup X ! P
2 of q1; : : : ; qr , the strict transform of

the curve C QP is then disjoint from those of Q and �.Q/, which are linearly equiva-
lent. Assume by contradiction that we have �.Q/¤Q. Then, we claim that the strict
transform of any irreducible conic Q0 in the pencil generated by Q and �.Q/ is also
disjoint from the strict transform of C QP . Indeed, we first note that C QP and Q0 have
no common irreducible component since C QP is an irreducible curve whose degree
satisfies

degC QP � 5 > 2D degQ0:

Finally, since the (infinitely near) points q1; : : : ; qr belong to both Q0 and C QP and
since

Pr
iD1mqi .C QP / D deg.Q0/deg.C QP /, the curves Q0 and C QP do not have any

other common (infinitely near) point.
Choose now a general point q of P2 which belongs toC QP n¹q1º 'A

1, and choose
the conic Q0 in the pencil generated by Q and �.Q/ which passes through q. Then,
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the strict transforms of Q0 and C QP intersect in X (at the point q). This contradiction
shows that Q is preserved by � .

Since � 2 Aut.P2/ D PGL3.k/ fixes the point Œ0 W 0 W 1� (which is the unique
singular point of both CP and C QP ) and preserves the line x D 0 (which is the tangent
line of both CP and C QP at the point Œ0 W 0 W 1�), it admits a (unique) lift ˛ 2 GL3.k/
which is triangular and satisfies ˛�.x/D x. This means that ˛ is of the form

˛ W .x; y; z/ 7! .x; �y �	x;�zC ıy C "x/;

for some constants �;	; �; ı; " 2 k (satisfying �� ¤ 0). Since ˛�.w/ is proportional
to w, we get � D �2, ıD�2�	, and "D 	2, that is, ˛ is of the form

˛ W .x; y; z/ 7! .x; �y �	x;�2z � 2�	y C	2x/:

Set s WD QP˛. P /
�1 2 Bir.A3/. Since ˛�.w/D �2w, we also get s�.w/D �2w.

Since . P /�.z/D fPw�2d and . QP /
�.z/D f QPw

�2d and since ˛�.f QP / and fP are
proportional, the fractions s�.z/ and z are also proportional. Therefore, there exists a
nonzero constant � 2 k such that

s�.x/D x; s�.w/D �2w; s�.z/D �z: (J)

Moreover, s induces a birational map Os of P2 which is an automorphism of P2 n
Q, because the same holds for ˛,  P , and  QP . Let us observe that Os is in fact an
automorphism of P

2. Indeed, otherwise Os would contract Q to one point. This is
impossible: Since Os preserves the two pencils of conics given by Œx W y W z� 7! Œw W x2�

and Œx W y W z� 7! Œw W z2�, which have distinct basepoints Œ0 W 0 W 1� and Œ1 W 0 W 0�,
these basepoints are fixed by Os. Hence, there exist some constants �; �; � 2 k such
that s�.y/D �x C �y C �z. Hence, (J) gives us � D � D 0, that is, s�.y/D �y. But
the equality s D  QP˛. P /

�1 is equivalent to  QP˛ D s P and by taking the second
coordinate we get

.�y �	x/C x QP .��2x2w�1; 1/D . QP˛/
�.y/D .s P /

�.y/

D �
�
y C xP.x2w�1; 1/

�
;

which yields � D � and QP .��2x2w�1; 1/ D �P.x2w�1; 1/ C 	. By substitut-
ing ��2y C x�1y2 for z and by noting that w.x;y; ��2y C x�1y2/ D ��2xy,
we obtain QP .xy�1; 1/ D �P.�2xy�1; 1/ C 	, which is equivalent to QP .x;y/ D
�P.�2x;y/C	yd , as we required.

The construction of Lemma A.2 yields, for each d � 1, families of curves of
degree 4d C 1 having isomorphic complements. These are equivalent for d D 1, at
least when k is algebraically closed (Lemma A.2.5/), but not for d � 2. We can now
easily provide explicit examples.
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PROPOSITION A.3
Let d � 2 be an integer. Set P D xd C xd�1y and wD xz � y2 2 kŒx; y�. All curves
of P2 given by

zw2d C 2ywdP.�x2;w/C xP 2.�x2;w/D 0

for � 2 k� have isomorphic complements and are pairwise not equivalent up to auto-
morphisms of P2.

Proof
The curves correspond to the curves CP.�x;y/ of Lemma A.2 and thus have isomor-
phic complements by Lemma A.2(4). It remains to show that if CP.�x;y/ is equivalent
to C

P.Q�x;y/
, then �D Q�. Lemma A.2(4) yields the existence of � 2 k�;	 2 k such that

P. Q�x;y/D �P.�2�x;y/C 	yd . Since d � 2, both P. Q�x;y/ and �P.�2�x;y/ do
not have components with yd , so 	D 0. We then compare the coefficients of xd and
xd�1y and get

Q�d D �.�2�/d ; Q�d�1 D �.�2�/d�1;

which yields Q�D �2�, whence �D 1 and Q�D � as desired.
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